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Abstract. Starting from Borchcrds' fake monster Lie algebra we construct a 
sequence of six generalized Kac-Moody algebras whose denominator formulas, 
root systems and all root multiplicities can be described explicitly. The root 
systems decompose space into convex holes, of finite and affine type, similar 
to the situation in the case of the Leech lattice. As a corollary, we obtain 
strong upper bounds for the root multiplicities of a number of hyperbolic Lie 
algebras, including AE3. 
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Introduction 



In recent years the area of infinite-dimensional Lie algebras has attracted con- 
siderable attention because of its numerous connections with other topics in math- 
ematics and, not least, its importance in theoretical physics. The state space of 
physical theories will sometimes be a representation space of an infinite-dimensional 
Kac-Moody algebra. 

Surprisingly little is known about many obvious problems associated with such 
Lie algebras. One of these questions regards their root multiplicities, that is the 
dimensions of their root spaces. The cases of finite and affine Lie algebras are 
fully understood. Let us turn to more general Lie algebras of indefinite type which 
allow roots of negative norm. The problem now becomes far more complicated and 
only very partial answers are known. As | Kac90 | remarks, the multiplicities of 
all roots of an indefinite-type Kac-Moody algebra are not known explicitly in any 
single case. At the same time, numerical calculations yield intriguing results, in 
particular for the simplest class of such Lie algebras which are called hyperbolic. 
They are defined by the condition on their Dynkin diagram that every subdiagram 
be of finite or affine type. 

There are various kinds of results known about root multiplicities. There are 
global upper bounds for all Lie algebras which work well in some cases but are 
useless in others. There are recursive formulas which are useful for numerical cal- 
culations, notably the results of Kac and Peterson [KP83|, and of Berman and 
Moody |BM79|. Furthermore, there are explicit results for some low level roots of 

(on the 
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selected algebras such as the treatments of Feingold and Frenkel 
algebra denoted AE3 in the notation of Kac90| ]), and Kac, Moody, and Wakimoto 
|KMW88[ (on Ew = T7,3,2). Recently, Gebert and Nicolai |GN97[ produced some 
intriguing numerical results on the s imple roots of Eiq for level 2 and 3. 

Borcherds introduces in | Bor92 ] the notion of generalized Kac-Moody algebras. 
These differ from ordinary Kac-Moody algebras in that they may possess imaginary 
simple roots. Generalized Kac-Moody algebras sometimes form the space of states 
for quantized chiral strings. It was a remarkable achievement that Borcherds then 
managed to construct a generalized Kac-Moody algebra, called the fake monster Lie 
algebra, and to give explicit root multiplicities for all its roots. The set of its roots 
can be identified with the 26-dimensional even unimodular lattice II25.1 = A©//i 1. 
Here, A stands for the 24-dimensional Leech lattice and denotes the unique 
even 2-dimensional unimodular Lorcntzian lattice. 

Borcherds suggested in |Bor92] that the fake monster Lie algebra might only 
be one of a whole class of generalized Kac-Moody algebras whose root multiplicities 
can be described explicitly. Let N be such that -I- 1 divides 24, let M — 
Thus A^ will be one of 2, 3, 5, 7, 11, or 23. Let a be an automorphism of order A^, 
cycle shape 1*^A^*^, of the Leech lattice. The aim of this thesis is to prove some of 
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INTRODUCTION 



Borcherds' conjectures by constructing a series of generalized Kac-Moody algebras 
Gn whose systems of simple roots can be identified with the fixed point lattices 
A"' and certain elements of the dual lattices A"^*. (Note that, unlike A, A"^ is no 
longer self-dual.) The Weyl denominator formula then becomes particularly simple 
and allows us to calculate the root multiplicities for these generalized Kac-Moody 
algebras explicitly. 

We will now give a brief survey of the contents of the 6 chapters of this thesis. 
Chapter 1 recalls the basic definition and construction of the fake monster Lie alge- 
bra. Following |Bor92| we introduce the notion of twisted denominator formulas. 
They are obtained from the Weyl denominator formula of the fake monster Lie 
algebra by the action of the Leech lattice automorphism a. We then proceed to 
formulate the main theorem of this work which claims the existence of a series of 
generalized Kac -Moody algebras and states their root multiplicities explicitly. Fol- 
lowing ideas of | Bor92 | the proof is reduced to an equality between two modular 
forms. One of these is the ^-function of the lattice A'^*. The other function is 
derived from the Dedekind 77-function. 

Both the above functions are modular forms with respect to some subgroup of 
the modular group, which has finite index. The strategy of the proof must now be 
as follows. We check that the modularity properties of both functions are equal and 
that a sufficient number of leading coefficients in a Laurant expansion around zero 
coincide. As the space of modular forms with respect to such a modular subgroup 
is finite-dimensional this shows the claimed equality. It is easy to see that, the 
larger the transformation group is, the smaller will be the dimension of the space 
of modular forms, thus requiring fewer leading coefficients in the remainder of the 
argument. The most suitable group for our purposes turns out to be ro(iV). 

Chapter 2 recalls the basic notions of modular group and modular form, as well 
as the Dedekind 77-function. We then proceed to define the specific modular forms 
we need in this work and establish their precise modularity properties under the 
elements of ro(A^). 

Chapter 3 recalls some basic results about the lattices in question and then 
determines the exact transformation properties, including characters, of their 9- 
functions under the elements of ro(A^). 

In chapter 4 we determine the leading coefficients of the above modular forms. 
This is straightforward for those modular forms which were derived from the rj- 
function. For 9, however, this corresponds to the enumeration of the short vectors 
of A*^*. For N = 2 and TV = 3 it is well known that the fixed point lattices are 
the Barnes- Wall lattice Aig and the Coxeter-Todd lattice Ki2. They have been 
considered in the literature in their own right. For the remaining N we devise a 
strategy to count the short vectors. This makes use of the fact that the lattices 
in question are all induced from the Leech lattice which in turn is built upon the 
24-dimensional Golay code. It is possible to reduce the required enumeration in 
A"'* to one of Golay code elements. 

We then put everything together and obtain the desired equality, thus complet- 
ing the proof of the main theorem of this work. We thus have proven the existence 
of a series of generalized Kac-Moody algebras Gn and have determined their root 
multiplicities explicitly. At the same time, their Weyl denominator formulas can 
be interpreted as new combinatorial identities, similar to the Macdonald identities. 

In the second part of this work we investigate the generalized Kac-Moody al- 
gebras Gn in more detail. In chapter 5 we determine their simple roots. We then 
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identify this set with a set TZ consisting of the elements of the fixed point lattice A" 
and some elements of its dual lattice A'^*. It is well known (see e.g. | CS88{ , chap- 



ter 25) that the elements of the Leech lattice generate a decomposition of space 
into convex holes of radius less or equal to ^/2. Now the elements of the Leech 
lattice can be identified with the simple roots of the fake monster Lie algebra. It 
turns out that holes of radius correspond to afRne subalgebras, whereas holes of 
radius less than \/2 correspond to subalgebras of finite type. We generalize this to 
the sets TZ. The main difference is that now the algebras have simple roots of two 
different lengths. We therefore have to generalize the notion of radius and centre 
accordingly. If we do so it remains true that the decomposition produces holes of 
(generalized) radius less or equal y/2, corresponding to subalgebras of finite and 
affine type respectively. We further show that all subalgebras of at of finite or 
affine type can be identified as (generalized) holes in TZ. As a corollary, we can 
relate the covering radius of the fixed point lattices A"^ to the covering radius of 
the Leech lattice. 

One of our aims in chapter 6 is the complete classification of all (generalized) 
holes of TZ. The remainder of chapter 5 therefore develops a number of techniques 
which will enable us to carry out the decomposition and check its correctness. One 
such check is the volume formula which simply states that the sum of the volumes 
of the individual holes must be the total volume of space. We therefore determine 
the volumes of any finite and affine holes. Another test concerns the automorphism 
groups of the individual holes, related to the automorphism group of the fixed point 
lattice as a whole. We derive a number of technical results, relating the generalized 
holes of TZ to the (known) holes in the decomposition of the Leech lattice. 

Chapter 6 carries out the classification. This presents no theoretical problems 
but involves long and repetitive calculations which may only be carried out by 
computer. The main purpose of the first two sections of chapter 6 is to demonstrate 
how the various results of chapter 5 come together to achieve the classification 
and why the output of a computer program constitutes a mathematical proof. 
To this end, we give the explicit calculations of the two simplest cases, that is 
= 23 and N — 11. The case A^ = 23 is almost trivial but very useful as it 
is 2-dimensional and so helps to visualize the problem. The 4-dimensional case 
A^ = 11 is already sufficiently general to demonstrate how the program acts. We 
can therefore restrict ourselves to giving the input data for the remaining cases. 
The complete classification is given as appendix A. For the most complicated case 
N = 2 there are 475 different types of (generalized) holes in TZ. 

As a corollary to this decomposition we can now identify all hyperbolic subal- 
gebras of the Gn. The known root multiplicities of Qjf then form upper bounds for 
the root multiplicities of these hyperbolic Lie algebras. There are many interesting 
examples for which the upper bounds obtained by the above technique improve 
on the upper bounds given in the existing literature. Of particular interest is the 



hyperbolic Lie algebra Ai?3 which was also investigated in |FF83|. The algebra 
AE3 is defined by the following Cartan matrix: 



We obtain strong upper bounds for the root multiplicities of this algebra. These 



bounds are close to some existing conjectures of [Kac90| (see exercise 13.37). Our 
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results explain why the multiplicities of the roots in the algebra AE3 are often equal 
to the values of a partition function Pn(l — ''^/2). 

However, for other hyperbolic Lie algebras our new upper bounds are not always 
sharp or at least an improvement on existing ones. In section 6.2 we list the 
successful cases. In appendix B wc provide some numerical data for all hyperbolic 
Lie algebras of rank 7 to 10. The results for the algebra 14,3,3 are of particular 
interest as they show that there are roots r of multiplicities both larger and smaller 
than the partition function pe{l — In the concluding section 6.3 wc derive 

some conditions which are necessary if we want to create useful upper bounds. This 
will then enable us to conjecture how far the strategy of this work may be extended 
to other generalized Kac-Moody algebras. 

Acknowledgements: I wish to thank Richard Borcherds, my research super- 
visor, for suggesting many of the problems discussed in this work and for the advice 
and encouragement he provided throughout my research. Furthermore, I would like 
to thank Simon Norton for his patient explanations of the ATLAS, and Elizabeth 
Jurisich for clarifications regarding the nature of specializations. Finally, I would 
like to thank the referee for valuable comments on the first version of this paper. 



CHAPTER 1 



Generalized Kac-Moody Algebras 



The main object of study in this work is a series of generahzed Kac-Moody 
algebras whose root multiphcities will be determined explicitly. This chapter intro- 
duces the concept and describes the construction of these generalized Kac-Moody 
algebras. Chapters 2-4 will then complete the proof of their existence and their 
root multiplicity formulas. It must be emphasised in this context that chapters 
2-4 are independent of the results of the present chapter 1. Chapter 1 has been 
placed in its position ahead of chapters 2-4 only to provide the framework identify- 
ing which auxiliary calculations are required in chapters 2-4. Sections 1.1 and 1.2 
recall the definition and elementary properties of generalized Kac-Moody algebras, 
and specifically their Weyl denominator formula. The series of generalized Kac- 
Moody algebr as in this work will be derived from the fake monster Lie algebra as 
introduced in Bor90b |. This, in turn, is constructed from subspaces of a certain 
vertex algebra. In section 1.3 we therefore briefly recall the construction of the ver- 
tex algebra in question. Section 1.4 outlines the construction and some properties 
of the fake monster Lie algebra, following [ Bor92 1 . Its root lattice can be identified 
with the Leech lattice and all root multiplicities are known explicitly. Section 1.5 
quotes [Bor92| to recall how automorphisms of the Leech lattice can be applied to 
the denominator formula of the fake monster Lie algebra, resulting in new identities 
which may be regarded as 'twisted' denominator formulas. In sections 1.6 and 1.7 
we restrict our attention to a specific series of six Leech lattice automorphisms. For 
these we show how the new 'twisted' identities can be interpreted as denominator 
formulas of six new generalized Kac-Moody algebras whose root multiplicities can 
again be calculated explicitly. For general automorphisms, the new algebras will not 
necessarily be generalized Kac-Moody algebras but may be Lie superalgebras where 
negative root multiplicities may occur. Section 1.7, in conjunction with chapters 
2-4, establishes an explicit form of the denominator formulas (equation 1.26), for 
the series of six new generalized Kac-Moody algebras, corresponding to the series 
of Leech lattice automorphisms. This yields an explicit (non-recursive) formula for 
the root multiplicities of the generalized Kac-Mo ody alge bras (corollary to theorem 
1.7), and carries out a programme suggested in Bor92| (14. Examples 1 and 2). 



1.1. Definition and Fundamental Properties 



This section establishes the definition of generalized Kac-Moody algebras which 
we will use within this work. Numerous variants have been proposed in recent 
publications. We will follow the approach of [Jur98], but specialize to the variant 
considered in [Bor92 when appropriate. Throughout this work we will use the 



initials GKM for generalized Kac-Moody algebra. 
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1. GENERALIZED KAC-MOODY ALGEBRAS 



1.1.1. The Definition. | Jur98| defines GKMs through generahzed Cartan 
matrices. A real matrix C = {cij), i,j in some index set / (possibly countably 
infinite), shall be called a generalized Cartan matrix if it satisfies the following 
conditions: 

(CI) C is symmetric; 

(C2) <0ifz7^i; 

(C3) if Cii > then 2cij/cu G Z for aU j e I. 



|Jur98| defines the generalized Kac-Moody algebra (GKM) G = G{C) as- 
sociated with this generalized Cartan matrix to be the Lie algebra generated by 
elements e^, fi, hi, for i £ I, where the generators satisfy the following relations for 
i,j, ke I: 

(Rl) [h^,hj] = 

(R2) \e,J^]^Sih, 

(R3) [hi, Ck] = Cifcefc, [hi, fk] = -Cikfk 

(R4) If Cii > and i ^ j then ad(ei)"ej = ad(/i)"/j = 0, where 

Tl — ^ '^Cij / Cii. 

(R5) If Cii < 0, Cjj < 0, and Cij = then [e.^, Cj] = /-,] = 0. 



We follow |Jur98| in restricting the definition to symmetric Cartan matrices 
as we will not encounter any non-symmetrisable Cartan matrices in the context of 
the present work. 

As in the finite dimensional case, the elements hi, i € I, span an abelian 
subalgebra H of G{C), called its Cartan subalgebra. Let E be the subalgebra 
generated by the Ci, i € /, and F be the subalgebra generated by the fi, i G I. 
Then the GKM G(C) has the triangular decomposition pur96 | 

(1.1) G{C)=E®H®F. 

Every non-zero ideal of G{C) has non-zero intersection with H . The centre of G(C) 
is contained in H. pur96 | 



1.1.2. Roots, Central Ideals, Central Extensions. Roots of finite dimen- 
sional Lie algebras are commonly defined as elements of the dual space of the Car- 
tan subalgebra. Hence, quotienting out some ideal of the Cartan subalgebra, or 
extending the Cartan subalgebra centrally will also affect the space where roots 
are defined. For the definition of roots for GKMs, there consequently exist various 
options which relate to the choice of centra l extension for the GKM defined above. 

Alternatively, the approach of [ Bor92 defines roots as a free abelian group (of 
abstract symbols), and identifies a natural homomorphism to the elements hi of 
the Cartan subalgebra H. 

If we consider roots within the dual space H* with G{C) con structed as above, 
the simple roots will not necessarily be linearly independent. ||Jur96 therefore 
extends the GKM G{C) by an algebra of 'degree derivations'. This increases the 
dimension of the Cartan subalgebra and ensures that the simple roots will be defined 
linearly independent. Note that, besides the approaches of |Jur96| and [Bor92|, 
others have been proposed, such as the approach described in | Kac9C| whose 're- 
alization' of the Cartan matrix again guarantees the linear independence of the 
resulting simple roots. 



As is discussed in detail in |Jur98|, the denominator formula for an arbitrary 
Cartan matrix with linearly dependent simple roots will not necessarily be well 
defined as some terms may be infinite. A general theory can therefore only be 
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formulated in a framework which guarantees the hnear independence of the simple 



roots. This will either be achieved as in |Bor92|, or through a suitable extension 



of the Cartan subalgebra as in [Jur96|. Nevertheless, it may be possible to de- 



fine denominator formulas for certain other Lie algebras, through a process called 



'specialization' in |Jur96|. Such specializations will quotient out subalgebras of 
the (extended) Cartan subalgebra. This operation will also quotient out the cor- 
responding subspaces of the dual space where roots are defined. As is pointed out 



in the remark following definition 3 of ]Jur98 , specializations are valid, as long as 



they are well defined. For the GKMs constructed in the present work we will find 
that the denominator formula remains well defined under specialization. 

Where simple roots are linearly independent they obviously have multiplicity 
one. The process of specialization may map multiple, distinct simple roots to 
the same image. Therefore, following specialization, some simple roots may have 
multiplicity greater than one. 



The approach of Jurisich. [ [Jur96 | extends the GKM by all 'degree deriva- 



tions'. Let deg(ei) = — deg(/i) — (0, . . . , 0, 1, 0, . . . ) where 1 appears in the i**^ 
position, and let deg(/ii) = (0, . . . ). Degree derivations di are defined by letting di 
act on the d egree {ni,n2, . . . ) subspace of the GKM as multiplication by the scalar 
[ Jur96[| defines the extended Lie algebra = G'^{C) as the semidirect product 



n. 



of the GKM G(C) with the space of all degree derivations. The extension is central. 
Let denote the Cartan subalgebra of G'^{C). The extended Lie algebra has the 
decomposition 

(1.2) G'{C)=E®H''®F. 

Roots of G"^(C) defined in the space H'^* are necessarily linearly independent. 

The extended Lie algebra G"^(C) is clearly not identical to the GKM G(C) 
constructed from the original Cartan matrix C, but may be considered naturally 
associated with it. More generally, if a Lie algebra can be mapped to G{C) modulo 
some central ideals, some central extensions, or outer derivations (as is the case 
in specializations), we will consider that Lie algebra naturally associated with the 
Cartan matrix C and the GKM G(C). 

Having selected the Cartan algebra H'^, roots may be defined as in the finite 
dimensional case. For r £ H^* , let 

G' = { X £ G \ [h,x] = r(h)x for all h £ 77^}. 

The roots of G are the non-zero elements r of H"^* such that C ^ 0. The elements 
ri £ H'^* such that the generators are in C' are called simple roots. C is the 
root space of r G H'^* . A root r is called positive if it is the sum of simple roots, 
and negative otherwise. 



The approach of Borcherds. [Bor92| defines the root lattice of G{G) as 



the free abelian group generated by elements rj, for i £ I, with the bilinear form 
given by (r^, Vj) — Cij. Here, the Cy are the elements of the symmetric generalized 
Cartan matrix G. The elements correspond to the simple roots. The GKM is 
graded by the root lattice if we let have degree and fi have degree — r^. If r is 
in the root lattice then the vector space of elements of the Lie algebra of that degree 
is called the root space of r. There is a natural homomorphism of abelian groups 
from the root lattice to the Cartan subalgebra H taking to hi which preserves 
the bilinear forms. This homomorphism will not necessarily be injective. If, for 
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1. GENERALIZED KAC-MOODY ALGEBRAS 



example, the null space of the bilinear form has been quotiented out, this may have 
introduced relations among the elements hi oi H . 

1.1.3. Norm, Weyl Vector, Weyl Chamber and Cartan Involution. 

We define the norm of an element r of the root lattice as the scalar product 

(1.3) norm(r) — {r,r). 

Note that we use the square of the standard norm, because the scalar product is 
not positive definite. A root of a GKM is called real if it has positive norm (r, r), 
and imaginary otherwise. 

In the framework of the extended root space H'^* , the Weyl vector p is any 
element of H'^* which satisfies {p,ri) = — (ri,ri)/2. Note that this implies p{hi) — 
—Cii/2. The (fundamental) Weyl chamber is the set of vectors v of the ro ot space 
H'^* which satisfy {v,ri) < for all real simple roots r^. Equivalently, [|Bor92| 
defines the Weyl vector as the additive map from the free abelian group of roots to 
M, taking to — (r^, ri)/2 for all i G I. The (fundamental) Weyl chamber is the set 
of all vectors v E H with {v,hi) < for all hi e H that correspond to real simple 



roots. Following |Bor90b|, we define the height of a root r as — (p, r). 

Note that |Bor92] uses non-standard sign conventions in this place, and the 
present paper will follow his conventions. In the case of a specialization, where 
simple roots may be linearly dependent, there is no reason why a Weyl vector should 
exist in general. In the example of the affine algebra A2, the relation r2 — —ri of 
the two simple roots (which holds in unextended 2-dimensional dual space) shows 
that no Weyl vector can exist. 

G(C) has an involution lu with Lu{ei) = —fi, ^{.fi) = —Si, called the Car- 
tan involution. There is a unique invariant bilinear form (■, ) on G{C) such that 
(e^, fi) = 1 for all i, and it also has the property that —(5,07(3)) > whenever g is 
a homogeneous element of non-zero degree. 

1.1.4. Universal Central Extension. Let C be a generalized Cartan ma- 
trix, satisfying conditions (CI) to (C3). For an alternative characterisation of some 



GKMs, |Bor92| defines the universal generalized Kac-Moody algebra (UGKM) 
U{C) of this matrix to be the Lie algebra generated by elements e^, fi, hij, for 
i,j & I satisfying the following relations {i,j,k,l G /): 

(Ul) [h,j,hki]=0 

(U2) [e,,fj] = h,, 

(U3) [/ly , Cfc] = 6j CtkCk, [hijjk] = -Sj Cikfk 

(U4) If > and i j then ad(ei)"ej = ad(/i)"/j = 0, where 

71 — 1 2Cij I C'ii. 

(U5) If c^i < 0, Cjj < 0, and Cy = then [e^, ej] = [/j, fj] = 0. 

The UGKM is therefore an extension of the GKM defined in section 1.1.1 
above. It is extended precisely by the additional central generators hij,i ^ j. 
|Bor92 observes that the element hij is unless the i'th and j'th column of the 
Cartan matrix C are equal. The elements hij for which the i'th and j'th column 
are equal form a basis of the Cartan subalgebra H oiU (C) . In the case of ordinary 
Kac-Moody algebras, the i'th and j'th column of C cannot be equal unless z = j, so 
the only non-zero elements hij are those of the form ha, which are usually denoted 
by hi. The centre of U{C) contains all elements hij for i ^ j. 



1.2. THE DENOMINATOR FORMULA 
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Using the definition of the universal extension, ||Bor92| provides an alternative 



characterisation of some GKMs (see also I Jur9 



Theorem 1.1. Suppose that G is a Lie algebra satisfying the following three 
properties: 

(1) G can be "L-graded as G = ©jg^ Gi, and Gi is finite dimensional if i ^ 0. 

(2) G has an involution lo which maps Gi into G-i and acts as —1 on Gq. 

(3) G has a Lie algebra invariant bilinear form (','), which is also invariant 
under oj such that Gi and Gj are orthogonal ifi ^ —j, and such that —{g,u}{g)) > 
if g is a nonzero homogeneous element of G of nonzero degree. 

Then there is a unique UGKM, graded by putting deg(ei) = — deg(/i) = rii for 
some positive integers rii, with a homomorphism f (not necessarily unique) to G 
such that 

(a) f preserves the gradings, involutions and bilinear forms (as defined above). 

(b ) The kernel of f is in the centre of the U GKM ( which is contained in the 
abelian subalgebra spanned by the elements hij). 

(c) The image of f is an ideal of G, and G is the semidirect product of this 
subalgebra and a subalgebra of the abelian subalgebra Gq. Moreover, the images of 
all the generators and fi are eigenvectors of Gq . 



Bor92| ] defines GKMs through properties (1) to (3) of theorem 1.1. pur98| 



points out that the converse of theorem 1.1 is not true: GKMs constructed from 
generalized Cartan matrices cannot necessarily be graded satisfying both conditions 



(1) and (3). For this reason, the present work follows |Jur98| and adopts the 
wider definition of GKMs directly from generalized Cartan matrices. All GKMs 
considered in this work do, however, permit a grading of the type described in 
theorem 1.1. 

The above exposition shows that the only major difference between GKMs and 
ordinary Kac-Moody algebras is that GKMs may have imaginary simple roots. A 
further generalization of GKMs are Lie super algebras. Here, we allow the imaginary 
simple roots to have negative multiplicity. These are then called superroots. The 
Cartan matrix of a Lie superalgebra may depend on the Z-grading chosen. We will 
not encounter Lie superalgebras in the course of this work. 

1.2. The Denominator Formula 

We recall from equations (1.1) and (1.2) that any GKM can be written as the 
direct sum E (B H (B F where H is the Cartan subalgebra and E and F are the 
subalgebras corresponding to the positive and negative roots. The homology groups 
of a Lie algebra are defined as the homology groups of the standard sequence of 
exterior powers, 

(1.4) ■■■^A'iE)^A\E)^A\E)^0, 



(see Cartan and Eilenberg's introduction to Lie algebra homology, CE56 .) We 
consider the following two virtual vector spaces. 

ME)=A'iE)QA\E)(BA'iE)..., 

which is the alternating sum of the exterior powers of E, and 

H,iE) = HoiE) e Hi{E) ® H2iE) 
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which is the alternating sum of the homology groups Hi{E). If L is the root 
lattice of the Lie algebra then both spaces are L-graded virtual vector spaces whose 
homogeneous pieces are finite dimensional, so the infinite sums are meaningful. 
From the definitions it follows that 

(1.5) ME)^H,{E), 

as virtual L-graded vector spaces (Euler-Poincare principle). This formula can be 
used as a starting point to calculate the denominator formula for the GKM. To do 



this, [Bor92 identifies the spaces Hi{E) and then calculates the formal character 



(1.6) x{V) = y{AiinVx)e 



AG-L 



on both sides. The left hand term of (1.5), /\{E), can be dealt with by a standard 
combinatorial argument, counting occurrences. The argument is analogue to that 
in the case of ordinary Kac-Moody algebras, which is well documented, see, for 



example, chapter 10 of |Kac90|. Let us consider the right hand term of (1.5), 
H^ {E). |Bor92 reports that the techniques developed by Garland and Lcpowsky 



in [ |GL76| can be adapted. A detailed discussion can be found in |Jur96] (theorem 



3.13). 

Theorem 1.2. Let G be a GKM with Weyl group W, Weyl vector p, and root 
lattice L. 

a) Hi{E) is the subspace of /\^{E) spanned by the homogeneous vectors of /\^{E) 
whose degrees r £ L satisfy (r + p)^ ~ . 

b) Let S denote the subspace of H{E) of elements whose degree r has the prop- 
erty that r + p is in the fundamental Weyl chamber. Then S is isomorphic to the 
subspace of /\{E) of all elements that can be written in the form ei A 62 A . . . where 
the Ci 's are vectors in the root spaces of pairwise orthogonal imaginary roots. 

It must be recalled in this context that the fundamental Weyl cha mber for 
GKMs is still determined by the real simple roots. Using theorem 1.2, [ Bor92| 



calculates the fo rmal character of H^,{E). Again, a detailed discussion can be 
found in | Jur96| ] (theorem 3.16). 



Theorem 1.3. Let G be a GKM with Weyl group W, Weyl vector p, root lattice 
L, and denote the positive roots by L+. Ifw€W then det(u;) is defined to be +1 or 
— 1, depending on whether w is the product of an even or odd number of reflections. 
(If the root lattice is finite dimensional this is just the usual determinant ofw.) We 
define e{a) for a € L to be (—1)" if o: is the sum of a set of n pairwise orthogonal 
imaginary simple roots, and otherwise. 

Then the denominator formula of G is 

eP W (1 _ e")"^""(") = det(«;)u; (e" ^ e(a)e" J . 

Thus, the formula is very similar to the well known denominator formula for 
ordinary Kac-Moody algebras and reduces to it if there are no imaginary simple 
roots. In fact, the sum over a € L^ is precisely the character of the subspace S 
described in theorem 1.2b. If there are no imaginary simple roots this sum collapses 
to 1. Note that the definition of t(a) in theorem 1.3 assumes that the simple roots 
are linearly independent. In the case of a specialization, e(a) will denote the sum 
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over all relevant terms (—1)"', each corresponding to a representation of a as the 
sum of Hi simple roots. 

We can recover the full character formula for GKMs in the same way, starting, 
in the place of (1.4), with the generalized chain complex whose vector spaces are 
spaces /\\E, V), that is spaces /\''{E), tensored with any lowest weight Lie algebra 
module V. We will, however, not make use of this in the remainder of this paper. 

For more information on the significance of especially the term related to imag- 
inary simple roots, we refer to the detailed discussion in |Jur96|. The individual 
terms of the denominator formula will depend on the selection of the Cartan sub- 
algebra, and thus the root space. The identity is valid as an identity in the free 
abelian group, as in the approach of [Bor92|. Equally, the formula is meaningful 
and valid in general if, as in the approach of |Jur96|, we work with a suitably 



extended Lie algebra G"^ in the place of the GKM G(C) so that all simple roots are 
linearly independent. 

As we have seen, the roots of the unextended GKM G (C) defined in the space 
H* will not necessarily be linearly independent. Jur98 | discusses that this may 
lead to denominator identities with infinite terms and other problems. The affine 
algebra A2 provides a simple example of such problems: Here, the two real simple 
roots satisfy r2 = —ri in the unextended root space. 

There are, however, circumstances where it is possible to formulate results in 
H* through specialization of the results in the extended root space H"^* . This spe- 
cialization is achieved through projection from H^* to the space H* . As an abstract 
identity, the specialization of the denominator formula remains valid provided no 
multiplicities become infinite. Note that we may encounter further problems related 
to the interpretation of that abstract identity as a denominator formula. Exam- 
ples of potential ambiguities are the identification of simple and non-simple roots, 
or of positive and negative roots. |Jur98] discusses why specialization works for 
Borcherds' monster Lie algebra. Similarly, we will find that this is also the case for 
all GKMs constructed in this present work. 

1.3. Vertex Algebras 

Vertex algebras had already been used extensively in theoretical physics, when 
Borcherds |Bor86| formalized the definition and showed how to construct vertex 
algebras for any even lattice. We follow |Bor92| to give a brief survey of the 
definitions and results which will be relevant to the present work. 

A vertex algebra over the real numbers is a vector space V over M with an 
infinite number of bilinear products, written UnV, where u,v,UnV G V and n G Z, 
such that 



(1) 
(2) 



UnV 



for n sufficiently large (depending on u and v). 



E 



(T) 



E 



(-l)'^^j (^U„i+q^t{Vn+iW) - {-ly {vn+g^i{Um+iW))^ 



for all w, V, and w in V and all integers m, n, and q. 
(3) There is an element 1 G V such that ■y^l = if n > and V-il 
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The operators Un may then be combined into the vertex operator 

Q(u,z) = ^ u„2:""~^ 
neZ 

which is an operator valued formal Laurent series in the formal variable z. 

BorSfifl defines an operator D on the vertex algebra by D{v) ~ w-2l- The 



vector space V/ DV is a Lie algebra, where the bracket is defined by [u, v] = uqv. 

A conformal vector of dimension or central charge c G R of a vertex algebra V 
is defined to be an element lu oiV such that 

(1) u)qv = D{v) for any v , 

(2) LOlbJ — 2uj, 

(3) CJgW = c/2, 

(4) cjjCj = 0, if i = 2 or I > 3, 

(5) any element of 1/ is a sum of eigenvectors of uji with integral eigen- 
values. 



Bor86| ] defines the operators Li on V for i e Z by = ij^i+i- It can then be 



shown that the operators Li satisfy the relations 

[L„ Lj\ = (i - j)L,+j + f * t ) 



3/2 



3 ■ 



They make V into a module over the Virasoro algebra. For n e Z, the physical 
space P" is defined to be the space of vectors w €V such that 



nw 



(1.7a) Lo{w) ~ oJi{w) ~ 

(1.7b) L,(w;) = 0, if i > 0. 

The space P^/{DV n P^) is a subalgebra of the Lie algebra V/DV. In the cases 



considered in [Bor92| (and thus in the cases considered in this work) this is equal 
to P^/DP". 



In [Bor86 examples of vertex algebras are constructed from lattices. We 
present the explicit spaces, operators, and elements, both as an illustration of the 
above definitions and for later reference. The results are well-known but not nec- 
essarily in the context of Borcherds' framework. Let L be an even lattice. There 
exists a central extension by a group of order 2, L, which is uniquely characterized 
by the following properties. The elements of L will be written e"e'', r ^ L, where 
n = or n = 1. The commutator is 

(1.8) e^'^e''^ = e(''i''-^)e''^e''i where = 1. 

The underlying vector space V{L) of the vertex algebra associated with L is 
defined as follows; 

(1.9) y(L) =M(L)(g)5(0(L(,)®M)). 

i>0 



In | Bor86 |, this space is referred to as Fock space. This term has since been 
used to denote a slightly different space so that we will not use the term. K(L) is 
the twisted group ring of L and S — 5'(0j^Q(L(i) (giM)) is the symmetric algebra on 
the sum of a countable number of copies of the lattice L. Thus, a general element 
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of V{L) will be a linear combination of elements of the form 

(1.10) v = e'-l[ti{pi) 

i=l 

where r,ti & L, q > 0, pi > 1, and ti{pi) is an element of the copy i(p.) (g) R within 
the symmetric algebra, and the integers Pi are not necessarily distinct. 

In order to construct vertex operators for all elements, we begin by defining 
'annihilation' and 'creation' operators. For t E L, and j € Z, define t{j) as a linear 
map on V{L). It is fully characterized by its action on elements of V{L) of the 
form (1.10). 

ii j > then t{j) is multiplication by t{j); 

if j = then t{0)v = {t, r)v; 

if j < then t{j) acts as a derivation so that t{j)e'^ = 0, and 

tij)ti{Pi) = -jit,ti)6-f. 

We define the vortex operator of a general element of V{L) in three steps. Let 
t £ L, p > 0, let z G C he & complex number, and let v be as in (1.10). 

Q{t, z) = J2 KJ) ^ + t{0)logz + 1 

Q{v,z)=Q(e'l[U{p,),z) = ■.e'^^''''^'[[QiUip,),z) : 

Here the ':' is the standard notation for normal ordering, such that all 'creation' 
operators (e'', t{p),p > 1) occur to the left of all 'annihilation' operators {t{p),p < 
0). The product w„(w) for n e Z and w G V{L) is then defined as the coefiicient of 
in : Q{v,z) : {w). 

Choose a basis Sj, i € /, of the lattice L, and a dual basis s'^. Then the vector 

is a conformal vector in V{L). Its central charge can be identified as the dimension 
of the lattice L. Applying the general vertex operator construction to u), we identify 
the operators L„ = uin+i as 

Ln = J2J2- «^(i)«K-" - j) ■ 
In particular, we note the action of Lq on homogeneous elements of the form (1.10) 

(1.11) lov=Cy+J2p^>- 

i 

Thus, Lo defines a Z-grading which we will refer to below as deg^, or deg^-* if we 
require to specify the referenced underlying lattice L. L_i is the derivation D. For 
r,t G L, and p > 1 we obtain L-ie^ = r{l)e'^, and L-it{p) = pt{p + 1). 

Suppose A is an ordinary Kac-Moody algebra with simple roots of norm 
2. The derived algebra A' is the algebra generated by generators Cj, /», hi for each 
simple root Oj. If the lattice L contains the root lattice of A then we can map the 
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derived algebra A' of A to P^/DP'^, as follows; e.^ fi^e ft-i ^ ai(l)- 

As an example of the definitions and constructions above, we calculate the bracket 
[e^.h,] = (eMh,) in P^/DP°. 

n>0 n<0 

Here, z"*^*^^ acts on € V{L) as multiplication by z^"*'''). It acts as identity on 
the symmetric algebra. Taylor expand the exponentials to obtain 

Q (e"', z) a,(l) = e°' (l + a,il)z^ + . . . ) (l - a,(-l)z-i + . . . )a,(l) 

The bracket [ci^hj] is the coefficient of z^^ of the expansion. The terms 
ai{~n)aj{l) vanish for n ^ I. Hence, when applied to aj(l), only the term 
e"' X (1) X (— ai(— l)z~^) gives a non-zero contribution to the Lie-algebra bracket. 
Thus, 

[e°%aj(l)] = -{ai,aj)e''\ 

This provides an illustration of how the notions of the roots and root spaces of an 
ordinary Kac-Moody algebra are embedded in the framework of vertex algebras. If 
we define the natural L-grading of V(L) as 

(1.12) degi(e'^) = r, degji(p)) - 0, 

then we find that the Lie algebra P^/DP'^ has a natural decomposition into root 
spaces. Furthermore, for any root r £ L, the root space of r is the homogeneous 
subspace of the Lie algebra of degree r. 

We can define a unique bilinear form on V{L) through the following two re- 
quirements 



Bor86 



(1.13a) (e'^Se'^^) = 



1 if ri = — r2, 
otherwise; 
(1.13b) the adjoint of t{p) is — t{~p). 

This bilinear form induces an invariant bilinear form on the Lie algebra P^ /DP^ 
(|Bor92], proof of theorem 6.1). Evaluating the bilinear product on V{L) we find 
that Li is the adjoint of L^i. Let v € and w G P^ . Then Dv is in P^, and 
{Dv,w) — (L_iu,ui) = {v,Liw) = 0. The kernel of the bilinear form (■, ) on P^ 
thus contains DP'^. 

Using this explicit construction of the Lie algebra elements, [ Bor86{ announces 
the following results about the Lie algebra P^ /DP° . 

Theorem 1.4. Let L be a non-singular, even lattice. Let the physical space 
Pi C V{L) he defined as in (1.7). 

a) Let A be a Lie algebra, A connected, simply laced, and not affine. If the 
lattice L contains the root lattice of A (possibly quotiented out by some null lattice) 
then A can be mapped to P^/DP^ such that the kernel is in the centre of A. 

b) Let d be the dimension of L, and let r £ L be a root such that < 0. Let 
Pd{n) denote the number of partitions of n into d colours. Then the dimension of 
the degree r subspace of P^ / DP^ is equal to 

Pd-i U - ^Pd-i 
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This forms an upper limit of the multiplicities of the roots of any Lie algebra A 
which satisfies the assumptions in a). 

To provide an indication of the proof and the type of elements in the space 
/DP'^, we recall from (1.10) that the degree r part of P^ is spanned by vectors of 
the form v = e^ Yi^iiPi)- Being an element of P^, v must be eigenvector of Lq with 
eigenvalue 1, hence we require 1 = 3- + X/Pi- The sum over pi defines a partition 
(with colours) of the total of 1 — ^ . The colours of the partition correspond to the 
dimension d of the underlying lattice L - note that the ti{pi) are not necessarily 
linearly independent. The conditions LiV = 0, z > 0, of formula (1.7), introduce 
further restrictions which reduce the dimension d by 1. Thus, pd-i(l — ^^/2) is 
the dimension of the space P^. Similarly, pd~i( —r'^/2) is the dimension of P°, and 



we note that D maps P'^ injectively into P^. | Bor86 | announces that the above 
formulas can be generalized for the case that A is not simply laced. We will not 
require the generalized formulas in this work, though. We are now in the position 
to quote Borcherds' version of the no-ghost theorem. (The original form of the 
no-ghost theorem was proven by Goddard and Thorn.) 

Theorem 1.5. Suppose that V is a vector space with a non-singular bilinear 
form (■, ■) and suppose that V is acted on by the Virasoro algebra in such a way that 
the adjoint of Li is L^i, the central element of the Virasoro algebra acts as multi- 
plication by 24, any vector of V is a sum of eigenvectors of Lq with non-negative 
integral eigenvalues, and all the eigenspaces of Lq are finite dimensional. We let 
Vn be the subspace of V on which Lq has eigenvalue n. Assume that V is acted 
on by a group G which preserves all this structure. We let V{ILi^i) be the vertex 
algebra of the double cover of the two dimensional even unimodular Lorentzian lat- 
tice LLi I (so that V{ILi i) is IIi i- graded, has a bilinear form (■, ) and is acted on 
by the Virasoro algebra as above). We let P^ be the subspace of the vertex algebra 
V ® V{LLi i) of vectors v with Lf){v) — v, Li(v) = for i > Q, and we let P^ be 
the subspace of P^ of degree r G //i.i. All these spaces inherit an action of G from 
the action of G on V and the trivial action of G on V{ILi^i) and K^. Then the 
quotient of P^ by the nullspace of its bilinear form is naturally isomorphic, as a G 
module with an invariant bilinear form, to Vi^r^ /2 if r ^ Q and to Vi0]R ifr = 0. 

In the next section we will describe how [ Bor90b| used the no-ghost theorem 



to identify the root spaces of certain GKMs explicitly. Note that the theorem 
only applies in the case of central charge 24, which is one reason why Borcherds' 
construction cannot be generalized straightforwardly to lattices of dimension other 
than 24. 

1.4. The Fake Monster Lie Algebra 

We will now recall Borcherds' construction of the fake monster Lie algebra. 



The original calculations were published in |Bor90b|, where the algebra is called 
the monster Lie algebra. The construction uses the Leech lattice, which is an even 
lattice of 24 dimensions, such that all the results of the previous section, including 
the no-ghost theorem, apply. 

For this construction we consider the vertex algebras of three different lattices, 
each with their two respective natural gradings, as defined above in equations (1.11) 
and (1-12). The three lattices are 

A - the Leech lattice, 
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/Ji_i - the unique even 2-dimensional unimodular Lorentzian lattice, 

Il25,i - the 26-dimensional unimodular Lorentzian lattice A © 

If L is any of the above three lattices and V{L) the vertex algebra associated 

with L, we use the L-grading (1.12) and Z-grading (1.11) to define V{L)r, V{L)n 

and V{L)j^r,n) as the parts of V{L) of deg^ = r or deg^'' = n, respectively. We will 

also use Sn, where S is the symmetric algebra, introduced in formula (1.9), and the 

Z-grading on S is the restriction of the Z-grading on V{L). 

We define the norm of an element (m, n) e IIi.i as ~2mn. Therefore, the norm 

of an element (A, m, n) S //25,i is — 2mn. As introduced in equation (1.3), the 

norm is the square of the usual one. 

We consider the physical space P\y(A)(»v(7/i,i)) of V{A) (g) V{IIi^i), and a 

general element {m,n) of //i.i. Then (^P^{v{A)(g)V{iii,i))^ ^^^^ is the part of 

P^(y(A)(giy(//i,i)) whose //i_i-grading is (TO,n). On this space, a bilinear form is 
defined as in (1.13). Let K denote the null space of this bilinear form. The no-ghost 
theorem 1.5 identifies 

{P\v{A)<»v(ih,^)))^^^^^^/K ^V{A)^_^^ = F(A)i+„„. 
Using the A-grading of ^(A) on both sides, Borcherds refines the isomorphism to 

(pl(y(A)C5V(77i.i)))(;^„^„)/-f4: = V'(A)(A,l+mn)- 

Next, consider the vertex algebra of the 26-dimensional Lorentzian lattice V(//25,i) 
which is isomorphic to V^(A) (g) V{IIi^i) Bor92( |. Consider the physical space 
P^(v(//25,i)). Let K' denote the kernel of the bilinear form (■, ) on (v (1125,1)) ■ 
Then |Bor90b| defines the fake monster Lie algebra as 

Ma = {P'^{v{ii2,,,i)))/K' ^ {P\v(A)<g,v{ih,i)))/K. 

(The explicit construction first quotients out DP'^ but we know that DP'^ C K' .) 
Combining the two isomorphisms above, we obtain that 

^(A)(a 

Note that the left hand side is derived from the vertex algebra of the Lorentzian 
lattice 1/25,1, and is graded in 7/25,1. The right hand side is a piece of the vertex 
algebra of the Leech lattice with A and Z gradings. 



Bor90b| shows that the Lie algebra Ma satisfies all conditions of theorem 1.1 



above. Ma is therefore associated with a GKM, through central extensions, and 
quotienting out the null space of the bilinear form. Section 5 of | Bor90b| identifies 
the universal central extension M of M\. The no-ghost theorem provides us with 
an explicit description of the building blocks of Ma, in terms of subspaces of vertex 
algebras. [Bor90b| uses this, the denominator formula for GKMs (theorem 1.3), 
and the theory of modular forms to determine the simple roots of Ma. 

The root lattice of the Lie algebra P^ /DP^ , as a subset of the dual of the 
(unspecialized) Cartan subalgebra, is infinite-dimensional and singular with regard 
to the scalar product. Quotienting out the null space K' corresponds to a special- 
ization of the root space in the terminology of |Jur96| as in section 1.1.2, above. 
Theorem 1.3 provides a denominator formula for a suitably extended Lie algebra 
M'^ . Before we can formulate the denominator formula of Ma itself (that is, with- 
out any extension of the Cartan subalgebra) we need to verify the validity of the 
specialization. Let tto denote the projection from P^/DP^ to Ma, and equally the 
projection of the dual spaces of the Cartan subalgebras (that is, the spaces within 
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which the roots are defined). The subscript is used to indicate that the projec- 



tion is defined through the nuUspace of the scalar product. |Bor92] shows that 



under the projection ttq, the set of roots is mapped into the lattice //25,i- Defin- 



ing the norm zero vector p — (0,0,1) G 1/25,1, |Bor92| establishes that the real 



simple roots are projected to (A, 1, — 1) with multiplicity 1 and the imaginary 

simple roots project to np = (0, 0, n) with multiplicity 24 for all n > 0. We have 

2 

(p, TTgr) = —\ for all simple roots r, which makes p a Weyl vector. The set of 
positive roots projects to the set of vectors in 1/25,1 of norm at most 2 which are 
either positive multiples of p or have negative inner product with p. 

An explicit description of the images of all positive roots under the projection 
TTo can be given as follows. A root r of A/a is positive if for ttot = (A, m, n) either 
m > 0, or TO = and n > holds. A root is negative if either to < 0, or to = and 
n < 0. Note that no element r with ir^r = (A, 0, 0) can be a root as, in that case, 
7.2 > 4^ Thus, the above description covers all roots of A/a- 

Using the explicit description, it is straightforward to see that the projection ttq 
does not create infinite terms, nor does it identify positive and negative roots. Eval- 
uating the actual root multiplicities provided by Borcherds' denominator formula, 
we also find that the projection does not identify simple and non-simple roots. 

Furthermore, the explicit identification of the roots then allows to build the 
matrix of scalar products which satisfies conditions (CI) to (C3) of a generalized 
Cartan matrix. The inner product with the Weyl vector can be used as a Z-grading 
of A/a. 

Having verified that the specialization of the roots to //25.1 is both valid as an 
abstract identity, and meaningful as the denominator formula of A/a, we can apply 
the full theory of denominator formulas to A/a, with roots in //25,i. We will write 
-^(A,m,ri) for (A/a)(a, m.n)- Lct furthermore E denote the part of A/a corresponding 
to the positive roots. 

We can summarize the above results in the (specialized) denominator formula 
of A/a. The remark following theorem 1.3 identified e( ) in the case that the simple 
roots are not linearly independent, as occurs in this specialization. All positive 
multiples of p are simple roots of multiplicity 24 and are perpendicular to each 
other, so |e(n/9)| is p24('^), the number of partitions of n into parts of 24 — dim(A) 
colours (notation introduced in theorem 1.4). Thus e{np) equals the coefficient of 
g" in rinll ~ 'Z")'^^ = g~^?7 ^'^(g) whe re rj is the Dedekind eta-function. We will give 
details on 77 in chapter 2. | Bor90b|] obtains 



(1.14) e" H (1-e'y^^^'"'^"/'^ = ^ det(iz;)w;(7724(e'')). 

'•e(//25,i)+ wew 

Here, (//25,i)~'' is the set of positive roots identified above, and W is the Weyl group, 
which is the group of isometries of the root lattice generated by the reflections 



corresponding to the real simple roots. Bor90b| gives a full description of the 



Cartan subalgebra of the universal central extension M of A/a, as introduced in 
section 1.1.4. An explicit basis for the Cartan subalgebra is the sum of a one 
dimensional space for each vector of the Leech lattice and a space of dimension 
24^^ = 576 for each positive integer n. The significance of the latter is that, for each 
n, the imaginary simple root np has multiplicity 24. Correspondingly, there are 
24^ = 576 generators hij,i,j = 1, ... 24. Because of the nature of its construction. 
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it would be tedious to describe the Cartan subalgebra of Ma itself. For details of 
the constructions, see [Bor90b|. 

We conclude this section with a brief remark about the monster Lie algebra. 
The name was in |Bor90b| used for the GKM which we now call fake monster 



Lie algebra. In |Bor92] the (proper) monster Lie algebra was constructed from the 
vertex algebra of the monster Lie group, as introduced in |^LM8^. The steps from 
the vertex algebra to the Lie algebra are parallel to the case of the fake monster Lie 
algebra, above. The vertex algebra is tensored with V{IIi^i), the physical spaces 
and the kernel K of the bilinear form are defined as above. Again, the no-ghost 
theorem 1.5 applies to the pieces /K and provides an explicit description of the 
building blocks. [Bor92| uses this to show that the Lie algebra P^ /K satisfies all 
conditions of theorem 1.1, above, and hence is associated with a GKM. [ Bor92| 
calculates an explicit denominator form ula, ana logue to formula ( 1.14). A gain, this 
is a specialization in the terminology of |]Jur96 ]. Theorem 6.1 of [|Jur98|] discusses 
the details of this specialization and identifies a GKM g{M) and an ideal c so 
that the Monster Lie algebra can be recovered as the quotient g{M)/c. In the 
specialization, the simple roots of the monster Lie algebra are identified as the set 
{(1, i) I I = — 1, 1, 2, 3, . . . }. The steps to prove that the specialization is well defined 
are similar to the case of the fake monster Lie algebra because the set of projected 
simple roots of the monster Lie algebra displays characteristics very similar to the 
set of projected simple roots of the fake monster Lie algebra. 



1.5. The Twisted Denominator Formula 



Bor92| ] uses the concept of 'twisted' denominator formulas, which are a gen- 



eralization of the ordinary denominator formulas. Starting from the equality of 
graded virtual spaces (1.5), /\{E) = H^,{E), we obtained the ordinary denominator 
formulas by calculating the formal character 



X 



= ^(dim Vx)e^ - ^(Tr id| Vx)e' 



on both sides, as in (1.6). As before, Vx corresponds to a lattice grading of V. Let 
a be an automorphism on V . Then we may, more generally, calculate the trace of 
a 

(1.15) ^(Tr a\ Vx)e' 

A 

on both sides of (1.5). We will arrive at some generalized ('twisted') denominator 
formula. In the case of the monster Lie algebra introduced in the concluding para- 
graph of section 1.4, we may choose a to be an automorphism of the monster group. 
The resulti ng twist ed denominator formula is closely related to the Thompson series 
T„{q) (see [|Bor92| for more details). 



Returning to the fake monster Lie algebra, we consider automorphisms of the 
vertex algebra V{A(B //i,i) which are induced by automorphisms of A, that is the 
Leech lattice, centrally extended by a group of order 2, as defined in equation (1.8). 
If (7 e Aut(A) then we define, using the notation of equation (1.10) for a general 
element of y(A //i,i), 

(1.16) a{v) -.^ a{e'^)ati{pi) . . .d-tq{pq). 
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Here a is the projected action on elements of A which is well defined because Aut(A) 
is an extension of Aut(A) of the form 2^'*-Aut(A), such that <j{e^) = ecr{r)e"'^ where 
Ecr satisfies equation (1.8). The ' ' indicates that the extension is nonsplit, cf. the 



Atlas ]Con85| . Note in particular that degf^{a{v)) = a{deg/^{v)). Now let a be 
an automorphism of A of finite order N . Thus we can regard a as an element of 
SL24{^). Its Jordan normal form is diagonal and the eigenvalues ej,j = 1, ... ,24 
are rfi^ roots of unity where n\N. Equivalently, we can describe a through its cycle 
shape ajv . . a^" . We associate a to the following modular form: 

(1.17) 77, [q] T^ieiq) . . . 7?(e24g) = viq''' viq""' • 

Here rj stands for the Dedekind eta-function. We will give details on rj in chapter 
2. 

Restricting further, let a E Aut(A) be of prime order N, let A"' denote the fixed 
point lattice and L = A"' (B the corresponding Lorentzian lattice. Following 
|Bor92| (section 13, p. 438) we assume for simplicity that any power ct" of a fixes 
all elements of A which are in the inverse image (with respect to the projection 
A ^ A) of any vector of A fixed by cr" . This final assumption will be satisfied by 
all automorphisms a of interest in this work. 

For the dual lattices we find L* = A"* © The (//25,i)-grading of Ma 

induces an L*-grading as follows. It is well known that the projection tto- : A ^ A'^* 
maps onto the dual. (See theorem 3.1 below for a proof.) For r = {X*,m,n) E L* 
let 

(1-18) = %.,„^„)= M(^^„,„). 

AeA:ir„(A) = A* 

Also, we will write Er and Er for Mr and Mr if we want to emphasize that we 
consider positive roots. 

If we consider both sides of equation (1.5), A('^) — H^{E), as _L*-graded 
Aut(A) modules then we can calculate the trace of a. For any r E L* define 
the numbers mult(r) as 

(1.19) mult(r)= y 4^Tr(c7'^|^^) 

d,s>0,ds\{{r,L),N) 



Bor92| , (13.2). Here fj,{s) is the Mobius function, and (r, L) denotes the greatest 



common divisor of the numbers (r, a) for a E L. Then the trace (1.15) on the 
equation (1.5) of graded virtual vector spaces is 

(1.20) e" Yl (1 _ e'-)'"""'') = J2 det{w)wiT],{eP)) 



cf. ||Bor92|] , (13.3), with rja- as in (1.17) and p — (0,0, 1) E L. The proof is quite 
similar to the proof of theorem 1.3, that is the untwisted character formula. For the 
left hand side, again, the combinatorial argument applies. For the right hand side, 
again, the significant contribution is the term w{ri^{e^)), which is derived directly 
from the imaginary roots of Ma, as described in theorem 1.2b. 

Equation (1.20) contains two terms, and L*^ , which need to be discussed 



in more detail. [Bor92| introduces the term to denote the subgroup of the 



Weyl group W of Ma consisting of reflections which commute with a. This group 



is a subgroup of the reflection group of L. Theorem 2.2 of [Bor90a] provides a 
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number of useful equivalent characterisations of the group . Let tt^ denote the 
projection from the span of II25.1 = A©//i.i to the span L — A°'©//i.i induced 
by the automorphism a: 

Lemma 1.1. Let o e Aut{K) he as above, let W be the Weyl group of Mj^ as 
introduced in equation (1.14). Let be the group of automorphisms introduced 
in equation (1.20). Then the following are equivalent characterizations of . 
(a) is the group of elements of W commuting with a . 
{(3) is the group of elements of W fixing the suhspace L. 

(7) is generated by the reflections of the vectors n^r as r runs 

through the simple roots of W whose projections n^r have positive 
norm. 

{5) Same as (7), with 'simple roots' replaced by 'roots'. 



Proof. Theorem 2.2 of ||Bor90a| . □ 



Bor92|] identifies L*^ as the set of all r = (A*, m, n) G L* such that m > 0, or 



m — and n > 0, which can be derived directly form the description of the positive 
roots of Ma in section 1.4, above. Hence, the projection tTo- does not identify 



positive and non-positive roots of Ma. Bor92 observes that iTcrP is a norm Weyl 



vector for which we will again denote p for simplicity. The description (7) of 
lemma 1.1, above, shows that the simple roots of W can be represented through 
vectors in L*^ . 

1.6. Construction of the GKMs 

We continue to use the notation of the previous section. That is, let a G Aut(A) 
be of prime order N . Now assume furthermore that N is any one of 2, 3, 5, 7, 11, 
or 23, and that a is of cycle shape 1^^ N^^ where M = 24/(iV + 1). Lemma 12.1 of 



Bor92 confirms that these automorphisms satisfy all assumptions placed on a in 
the previous section 1.5. Let A'^ denote the fixed point lattice and L = A"' © 
the corresponding Lorentzian lattice as above. Starting from equation (1.20), the 
aim of this section will be to construct a new generalized Cartan matrix, and thus 



a new GKM for each N. [Bor92| identifies a subset of L*^ which constitutes 
the set of 'prospective simple roots'. Clearly, they are not linearly independent. 
Therefore, we expect that they will be roots resulting from a specialization in the 



sense of [ [Jur98 |, and that we will recover (1.20) as the denominator formula of the 



new (specialized) GKM. 

Before we can verify the properties of a generalized Cartan matrix we need to 



recall a few results of [Bor90a] about the fixed point lattice L and the Weyl group 
. As seen in lemma 1.1, the group W is a subgroup of the reflection group of 
the fixed point lattice L. In general, it will not be the full reflection group of L. 
One obvious necessary condition for it to be the full group is that the lattice A"' 
has no roots. Any root A G A'^ induces a root (A, 0, 0) of L. However, in the cases 
considered in this work, the condition is also sufficient. The reflection induced by 
a root r G L is the same as that induced by nr where n is any non-zero integer. 
Hence we may restrict ourselves to roots r which are primitive in the sense that, if 
n G Z, \n\ > 1, then — is not in L. 

Ill 1 n 

Lemma 1.2. Let a be an automorphism of the Leech lattice A such that the 
sublattice A"" fixed by a has no roots, and let L — K"^ ® Let p = (0,0, 1) G 

Il25,i — A©//i_i denote the Weyl vector 0/ 1/25,1 • 
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a) The group is the full reflection group of the lattice L. 

b ) The simple roots of W are exactly the roots r Cz L such that (r, p) is negative 
and divides {r,v) for all vectors v of L. 

c) The vector p is also norm Weyl vector for the lattice L. That is, the 
prim,itive simple roots of are exactly the primitive roots r of W satisfying 
(r,p) = -rV2. 

Proof. The introduction of [ Bor90a| ] asserts that aU roots considered are 



impUcit understanding, claim b) is part of theorem 3.3 of [Bor90a|. Claim a) is 



implicitly understood to be primitive in that paper. |Bor92| uses the results of 
|Bor90a| | so that the implicit assumption also applies to |Bor92|. Given this 



an auxiliary result from the proof of the same theorem. Claim c) is quoted from 



section 13 of [Bor92]. □ 



In order to apply lemma 1.2 we still need to verify the assumptions about A'^. 
These depend on specific properties of the Leech lattice and the cycle shape of cr. 
We will establish these properties in chapter 4.1, below. At this point, we merely 
state 

Lemma 1.3. Let a be an automorphism of the Leech lattice A of cycle shape 
iMj^M y^^jg^g ^ ^^jg primes 2, 3, 5, 7, 11, 23, and M = 24/(iV + 1). 

Then A*^ has no roots. 

Remark. The proof will be provided in section 4.1, below. 

Let us now return to the twisted denominator formulas. If we compare equation 

(1.20) to the denominator formula of a GKM (theorem 1.3 of section 1.2 above) 
we observe that the right hand side of (1.20) is precisely the right hand side of 
(the specialization of) a denominator formula for a GKM with Weyl group . 
Until the definition of the GKM and the verification of the specialization have been 
completed, we will need to distinguish carefully between the linearly independent 
roots of the suitably extended Lie algebra, and those of the specialization to L* . 
We will refer to the linearly independent roots as 'roots', and to the (specialized) 
roots in L* as 'images of roots'. 

Assuming that there exists a suitable GKM with well-defined specialization, 
the images of its simple roots under the specialization must be selected in L*^ as 
follows: 

(Gl) As images of the real simple roots for the GKM, select the sim- 
ple roots of the reflection group W . From lemmas 1.1 and 1.2 
it follows that each such simple root of may be represented 
through a vector r in L*"*" within the fundamental Weyl chamber 
of . The scaling factor of the primitive representative r is such 
that (r,p) = -rV2. 

(G2) As images of the imaginary simple roots, select the positive mul- 
tiples np of the Weyl vector p, with multiplicities equal to 

(1.21) muh(np) = ^ 6fc, n e Z, n > 0, 

ak divides n 

if cr has generalized cycle shape ■ ■ ■ 

The value for the multiplicity of imaginary simple roots specified in equation 
(1.21) can be obtained by carefully counting occurrences, using the general descrip- 
tion of the space S of theorem 1.2b in section 1.2 - note that all multiples of p are 
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mutually orthogonal to each other. Thus, all 'prospective simple roots' selected 
under (Gl) and (G2) have been represented in the lattice L*^ . Let {ri} be the 
set of all such 'prospective simple roots'. A scalar product for this set is naturally 
inherited from the lattice. We form the matrix of scalar products C — [{ri, rj) 



Lemma 1.4. The matrix C satisfies the defining conditions (CI) to (C3) of a 
generalized Cartan matrix. 

Proof. (CI) is clearly satisfied as the scalar product is symmetric. 

(C2) We begin by considering matrix elements where either or rj are 
candidates for imaginary simple roots selected under (G2). All candidates for 
imaginary simple roots are positive multiples of p = (0,0,1). For any element 
r = (A, m, n) of L*^, the scalar product satisfies (r, p) — —m < 0. Now consider a 
matrix element Cy where both n and rj are candidates for real simple roots selected 
under (Gl). By selection, the candidates are all part of the same fundamental Weyl 
chamber of W"^. Hence, {ri,rj) < for all i,j. 

(C3) Let r.i be a candidate selected under (Gl), that is r^ > 0, and let rj be 
any candidate. By selection {ri,ri) = —2{ri,p). Having verified all assumptions 
about A"" in lemma 1.3, we may apply lemma 1.2. Therefore, the simple roots of 
W are all in L (considered as a subset of L*), rather than the whole of L* . In 
particular, this holds for rj. Furthermore, lemma 1.2 shows that the simple roots 
of W are exactly the roots r Q L such that (r, p) is negative and divides (r, v) for 
all V e L. 

Hence, we have for v — rj, 

Cii (rj,r.i) (rj,ri) „ 
Cit (ri,ri) [ri,p) 

□ 

The explicit calculation of all Cartan matrix elements will be carried out in 
section 5.1 (theorem 5.3). This will be simplified by a deeper understanding of the 
fixed point lattices involved, which we will gain in chapter 4.1 (which also contains 
the proof of lemma 1.3). 

For the present argument, however, the existence of the generalized Cartan 
matrix suffices. Starting from the Cartan matrix constructed above, we may now 
construct the GKM Gn = Gn{C) with generators e^, hi, and fi and relations (RI) 
to (R5) where N is the order of the automorphism a. Quotient out the null space 
of the bilinear form, and denote the resulting Lie algebra Qm- We may extend the 
GKMs Gn by the standard set of outer derivations, to obtain a new suite of Lie 



algebras Q%[. The results of [ Jur96 | apply and from equation (1.2) it follows that 
the Lie algebra has the decomposition CJ^ = Hf^ Fm- Note that the 
outer derivations are part of the null space of the bilinear form. 

Consider the linearly independent simple roots of Q^^ in the extended root space 
i/^*. From theorem 1.3, we obtain a denominator formula in the extended root 
space. Recall that we began the construction by selecting candidates for simple 
roots in L* . In order to establish that a specialization to L* is meaningful we 
need to check that all terms remain finite. Let ttq again denote the projection 
T^o G% — En Hf^ Fn ^ Qn = En Hn Fn, defined by quotienting out the 
null space of the bilinear form. We will use the term ttq also for the corresponding 
map of the dual spaces of the Cartan subalgebras, that is, ttq : Hf^* Hn* . By 



1.6. CONSTRUCTION OF THE GKMS 



23 



construction, we have H]^*^[L*] where [L*] — R(g)L* denotes the span of L* . Recall 
that, for the duration of the verification of the specialization, we refer to the roots 
of Off in Hff* as 'roots'. We denote the (specialized) roots of Gn in L* as 'images 
of roots'. Let tTc denote the projection : A® L — A'^ (B induced by 

a. We observe that the IIi^i components are not affected by the projection tt^. 

The selection rules (Gl) and (G2) imply that only finitely many simple roots 
are identified by the projection ttq. For the image of a general root, recall that L*^ 
is the set of all (A, m, n) G L* such that m > 0, or to = and n > 0. Consider a 
general positive root r of Q'ff and its decomposition into simple roots ri 

p p 
TTor = {X,m,n) = ^Tror^ = y^(A,,TO;,n^) 

i=l i=l 

where the arc p > not necessarily distinct simple roots such that iroVi = 
{Xi,mi,ni) e + . The exphcit description of the set L*"*" yields that to^ > for 
the images of all simple roots under ttq . If to^ = then we find > directly from 
the description of L*^ . If nii > then, for the images of all real simple roots, the 
relation 

i(A- - 2min,) = ^(Trori)^ = -{TTori,p) = nii 

implies Tii — \f/2mi — 1 > —1. These constraints imply that r must be the sum of 
at most TO simple roots such that rrii > and at most m + n simple roots such that 
TO; — 0. Conversely, the constraints to^ > and > — 1 imply that each simple 
root ri must satisfy the conditions that nii < to, rii < m+n and Af < 2TO(TO+n+l). 
Hence, for the images of any roots of Qf^ in L* we have shown; 

(a) Only finitely many simple roots are identified by the projection ttq. 
(/3) For all positive roots r, the maximum number of summands p, 

within any decomposition, is finite. 
(7) For all positive roots r, there exists a finite set of simple roots 

Sr = {^i} so that no Vj ^ Sip may be part of any decomposition of 

the image of the root r. 

Hence, all multiplicities in the specialized denominator formula will remain fi- 
nite, and the formula is well defined. Having confirmed that the specialization is 
valid we conclude that the specialization of the denominator formula of the Lie al- 
gebra G'ff to L* is the denominator formula of the Lie algebra Gn- By construction, 
the specialized denominator formula is the twisted denominator formula (1.20) we 
started with. As before, we extend the term GKM to Lie algebras which differ from 
a GKM in the strict sense of defining relations (RI) to (R5) in outer derivations 
and central extensions and quotients only. For the remainder of this work, we will 
make the distinction implicit, and refer to the specialized Lie algebra Gn with roots 
in L* as the GKM Gn- We have thus proven the following theorem announced in 
|Bor92| (the outstanding proof of lemma 1.3 will be given in chapter 4.1). 

Theorem 1.6. Suppose N is any of the primes 2, 3, 5, 7, 11, or 23, such that 
{N + 1) divides 24. Suppose that a E Aut{A) is of order N and cycle shape l^iV*^ 
where M = j^^- Let p — (0,0, 1) denote the Weyl vector of the reflection group 

. Then there exists a GKM Gn with simple roots as follows; 
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(1) The real simple roots are the simple roots of the reflection group 
W in L* , which are the roots r with {r, p) = — (r, r)/2. That is, 
p is also Weyl vector for the GKM Q^- 

(2) The imaginary simple roots are the positive multiples np, with mul- 
tiplicities equal to 

mult{np) = ^ bk, n € Z, n > 0, 

Qfc divides n 

if a has generalized cycle shape ct^ . . . . 
The denominator formula of Qn is given by (1.20). □ 

This construction of Cartan matrices and GKMs may be performed for more 
general automorphisms than the suite of a considered above. The left hand side of 
equation (1.20) thus gives the multiplicities of the positive roots of this algebra. As 
these multiplicities could possibly be negative the algebra will, in general, be a Lie 
superalgebra. 

1.7. Root Multiplicities 

We continue to use the notation of the previous section. That is, let be any 
one of the primes 2, 3, 5, 7, 11, 23. Let a G Aut(A) be of prime order N and cycle 
shape I'^N'^ where M = 24/(7V + 1). Let A'^ denote the fixed point lattice and 
L = A*^ © /11 1 the corresponding Lorentzian lattice as above. We will evaluate 
formula (1.19) 

ds\{{r,L),N) 

to find explicit formulas for the root multiplicities. We recall that in equation (1.19) 

the brackets ( , ) denote the greatest common divisor. N divides (r, L) if and only 
if r G NL*, otherwise we conclude ({r,L),N) = 1. Thus the pair {d,s) can only 
be one of the following: (1, 1), (1, N), [N, 1). The values of the Mobius function are 
/i(l) = 1 and ^{N) = —1 because N is prime. Using that the automorphism a 
satisfies cr^ = id we obtain from (1.19) 

(1.22) mult(r) = Tr(a|^^) - -^Tr(a|£^/;v) + -^Tr(id|^^/;v) 

We will determine Tv{(j\Er) and Tr(id|£'r) = dim(£'r) for r € i* in lemmas 1.6 and 
1.7, however we first require 

Lemma 1.5. Let V,W be "E-graded vector spaces, a,T automorphisms ofV,W 
respectively. Let V ®W be graded by the tensor grading and define the generating 
function 

<pa,v{q)=Y,Tr{a\Vn)q'' 

n 

and analogously for t, W and cr (g) r, V (S) W. Then 

4><T,viq) 't'T.wiq) = 4'a(g,Ty(g,w{q)- 

Proof. We observe that deg(i' w) = deg(i') + deg(ui). The proof now is a 
straightforward exercise. □ 

Lemma 1.6. Tr{a\Er) is equal to the coefficient of q^^~^ in qr]cr{q)~^ if r S 
L and zero otherwise. 
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Proof. If r ^ i then it follows from the defining equation (1.18) that <j 
does not fix the individual roots (A,TO,n) e L which project to r = (tTq-A, m, n), 
hence the trace must be zero. The same argument proves for any r ^ L that 
Tr{a\Er) = Tr(cr|£;^). If r = (A,m,n) then Er = e^5'^^^^_^. (Recall the Z- 
grading of S from formula (1.11) and the construction of Ma in section 1.4.) Let 
Xj denote the eigenvector of a of eigenvalue ej (see equation (1.17)) and let (i) 
indicate the specific copy of A. Define 5*^^^ = <5'(0j>g a;j(j)). For the complexified 
symmetric algebras we obtain 

24 24 

S = 5(0 A(,)) = (g) 5(0 a;,(,)) = (g) 

i>0 j = l i>0 j = l 

A vector space basis for the factor S*'^' in the tensor product is given by all elements 
of the form Y[k^^{mk)' element has Z-degree '^j^n^mk and eigenvalue 

"fc _ Thus the generating function for S^^'' is the product over the collection of 
copies A(j): 

= n(E - n E(^.'^T = n i^^- 

i>0 n>0 i>Ori>0 j>0 ^ 

Thus the generating function of the trace is 

(1.23) 0.,5(g) = n -^^x^su) (q) = n 11(1 - e,qT' = qvAq)-' 

j J i>0 

2 \ 2 

As 1 — 2^ = 1 + mn — ^ we can read off the relevant trace as claimed. □ 

Lemma 1.7. Let r = {X* ,m,n) e L* and let \^* £ A'"^* such that A* +A-'-* e 
A. T/ie dimension of Er is equal to the coefficient of q^^^ in A(g) ^A-^-^+A^* il) 
where 0\a^+\±*{q) is the theta-function of the translated lattice A"'"'" + A*^*. 

Remark. For a precise definition of 0- functions, see chapter 3 below. We will 
use the shorter notation 9^±* in the sequel. 



Proof. 



TT^A — A"^ TT^A — A* 



R(A)a®5^ 



1+mn— ^ 

TTo- A — A* 

Now 1 — ^ — 1 + fnn — ^^^^ . Hence we will find dim(^^) as the coefficient of '~ 
in the series 

E E dim(5^^<^_^)g^'= EdM^P')'?''^^"'^^ 

p TTo-A — A* TTo-A — A* p' 

= E 9--"^ EdW^.')/ = ^A- 

7r„A=A* p' 

Here, A((7) = ri{q)'^^ and -^^^ is well known to be the generating function for 
the symmetric algebra (it describes the number of partitions into 24 colours, see 



Bor92 , section 12). This completes the proof of lemma 1.7. □ 
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Using the modular form rj^ as defined in equation (1.17) we define 
(1-24) 5]p.(l+jV+^=g/»7a(?). 

This is a generahzed partition function. Using the Dedekind jj-function we define 
for all elements r of the upper half plane H the function 

Setting q = e^'^*'", we also define i'jj{q) for \q\ < 1. (For more details see chapter 
2.2, especially equation (2.5) below.) Let S{r G L) be defined to be of value 1 if 
r £ L and of value otherwise. We are now in the position to state the central 
theorem 

Theorem 1.7. Suppose N is any of the primes 2, 3, 5, 7, 11, or 23, such that 
{N+ 1) divides 24. Suppose that a e Aut{A) is of order N and cycle shape I'^N^ 
where M = . Then 

(1.25) 

y o<j<N 

and the twisted denominator formula (1.20) has the following explicit form: 

gP (1 - e'')f<'(l-'''/2) -Q (J _ gr)p„(l-rV2JV) 

(1.26) / X 

= J2 det(w)w eP Y[{1 - 6^)^(1 - e^'P)^ 

wew \ i>o / 

Proof. The proof of (1.25) will be given in chapter 4. Assuming (1.25), we 
proceed to prove the denominator formulas (1.26). The right hand side follows 
straightforwardly from equation (1.20) and the definition of ri^. For the left hand 
side we compare the multiplicities given by (1.22) with those claimed in the theorem. 
We distinguish 4 cases 

Case 1: r ^ L. Obviously the multiplicities are 0. (Lemma 1.6) 

Case 2: r G L,r ^ NL*. In (1.22) only the first summand is nonzero, lemma 
1.6 proves the claimed formula. 

Case 3: r e NL*,r ^ NL. Suppose r = {NX* ,m,n). We choose A-"-* as in 
lemma 1.7. Under the assumptions of case 3 the first and third term of (1.22) are 
nonzero. The first accounts for the exponent Pa{^ — ''^/2). By lemma 1.7, dim 

Ey/N is the coefficient of q in a^^a^*(9) or equivalently the coefficient of 

q'-^ in^e,.^iq^). 

In case 3, r/N ^ L and we obtain from (1.25) 

(1-27) ^A?k^A-(.") = ^.r,(,-)-- E e-('-/-)^-,(e^,)- 

' 0<j<N 

Now 

^ e-^(^)'"V^^ = Yl e-^'(^)'"^ (e^)'^ =iV. 

0<j<N 0<j<N 
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Thus the coefficient of gi-'-'/zA' in (1.27) is equal to that of qr]{q^ ^ r]{q)- 
qrj^^iq). This completes case 3. 

Case 4: r € NL. Here all three terms of (1.22) are nonzero. As £ L, we 
have an additional term in -^9, namely q-q{q^)^^'^ ri{q^~)^'^'^ ~ qri^^{q^). Thus 
it cancels exactly with the contribution of TT(a\Ej./j^). Now the argument is the 
same as in case 3. □ 

Corollary. Let N be any of 2, 3, 5, 7, 11, 23. Then the generalized Kac- 
Moody algebras Qn constructed in theorem 1.6 have root lattice L = K"^ ® 
Their root multiplicities are functions of the norm of the roots as follows: 

mult(r) p„{l - y ) r e L, r ^ NL* 



mult(r) =p,(l-y)+p,(l-— ) r&NL*. 

Proof. The explicit multiplicities for any root follow by comparison of theo- 
rem 1.7, equation (1.26) with the general denominator formula theorem 1.3. □ 

We conclude the chapter with a number of remarks: 

1.) In chapter 5 below we will identify the real simple roots of the GKM Qn, 
as the following: 

(A, 1, y - 1) for A e A- 



and 



\2 \2 

{X,N, — ~l) for XeNA"* such that ^1 " l) 



The former real simple roots have height 1 and norm 2 whereas the latter have 
height N and norm 2N. The imaginary simple roots have already been identified 
explicitly in theorem 1.6. 

2. ) Equation (1.26) can be read as a new combinatorial identity, independent 
of the theory of generalized Kac-Moody algebras, in the same way that the denom- 
inator formulas of affine Kac-Moody algebras give the Macdonald identities. 

3. ) The explicit root multiplicities form upper bounds for the root multiplicities 
of any subalgebras of the Gn- This will be used in chapter 6. 

4. ) Finally, we will briefly discuss the limitations of the main methods of 
constructing GKMs outlined in this chapter. This will emphasize the pivotal role 
of the no-ghost theorem in the argument. The method of construction may be 
summarised in the following diagram where V symbolizes the construction of vertex 
algebra and physical spaces, K symbolises the operation of quotienting out the 
kernel of the bilinear form, and a the application of the projection defined by the 
automorphism of order N: 

A ^ Pi/i^po ^ Ma Gn. 



For the fake monster Lie algebra, |Bor92] presents the following results 



a) the Cartan matrix (identifying generators and relations), 

b) all root multiplicities, 

c) an explicit construction (as subspace Vi+mn of a vertex algebra). 
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We have seen in section 1.3 above that the result c) considerably simplifies 
the identification of Lie algebra elements, allowing to calculate explicit root mul- 
tiplicities (theorem 1.4). This work provides results analogous to a) (all elements 
of the generalized Cartan matrix will be calculated in theorem 5.3) and b) (corol- 
lary to theorem 1.7) for the new family of GKMs Q^. We do not know a natural 
construction for these GKMs. 

It is natural to try and apply our construction method to other lattices, in 
particular, we may consider the sequence of operations symbolised in the following 
diagram; 

A A'^ P\N)/DP°{N) ^ Ma.{N). 

Consider the Lie algebras (N) / D P'^ (N) first. Theorem 1.4, above, applies and 
provides us with the root multiplicities of these Lie algebras. Turning to Ma<t(A^), 



Bor92 reports that the bilinear form can be shown to be almost positive definite 
(the kernel K is empty if the dimension of the lattice A*^ is less than 24), which 
makes this Lie algebra a GKM. However, the no-ghost theorem 1.5 does not apply. 
Therefore, in this case we have neither an explicit construction of the simple roots, 
nor can we express any multiplicity formulas for the simple roots. 

Neither Gn C Ma^(A^) nor MA-(iV) C Gn hold. The first relation can be 
disproven by considering that contains real roots of norm 2N. Hence, their 
Z-grading is N, and they will not be elements of P^{N). Consequently, they will 
not be element of Ma,^ (N) either. 

For the second relation, we consider the case N — 23. The hyperbolic algebra 
AE3, as defined in the introduction, can be embedded into both Q23 and Ma''(23). 
(For details see chapter 6.2.1, below.) We consider its unique root of norm —2 
(up to Weyl automorphisms), which may be expressed in terms of simple roots 
as r = (2,2,1). Its multiplicity in AE^ is 2. The corollary to theorem 1.7 shows 
that the multiplicity of r in Q23 is also 2. However, dim(P;^) = ^2(2) = 5, and 
dim(P") = P2(l) = 2. Section 1.3 identifies the explicit vertex algebra bases for 
the space P^^, and its bilinear form. Using these, it is straightforward to calculate 
that the kernel of the bilinear form (1.13) on P^ (paired with Pl^) is equal to the 
2-dimensional _DP°. Hence the multiplicity of r in AfA<T(23) is 3. 

The considerations of the previous paragraph do not only disprove any inclu- 
sions but also indicate that upper bounds for the root multiplicites of AE^ provided 
by AfA<'(23) will be inferior to those of G23- 



CHAPTER 2 



Modular Forms 



This chapter is the first in a series of three chapters which give the proof of the 
central theorem 1.7. In section 2.1 we recall the definitions of the modular group, its 
subgroups, and of modular forms. We proceed to recall some properties of modular 
forms. The material can be found in any standard treatment of modular forms and 
it has been included here solely to set up the notation. Section 2.2 defines a number 
of modular forms related to the ?7-function. Their modularity properties are fully 
understood in principle. We will, however, need to know their exact characters 
explicitly in chapter 4. Therefore, section 2.2 will establish the transformation 
behaviour under the generators S and T of the modular group. 

2.1. Review of Modular Group and Modular Forms 

As all the material included in this section is standard textbook material we 
will not always give specific references. Let T = SL2{1) denote the modular group, 
r(Af) its subgroup consisting of all elements which are identical to the identity 
matrix modulo N and 

roW = {(" rf)er I c^O(modiV)}. 

Recall that r(7V) and ro(iV) are subgroups of the modular group of finite index. 
Furthermore let 

S^('. -}\. T^fl !V -1 



1 y ' vo 1/ ' \N 

F is called the Fricke involution. Then F is generated by T and S, Fo(2) is generated 
by T and ST^S, and for iV ^ 2 it is known that Fo(^) is generated by T and the 
collection of 

-fc' 1 



(2.1) Vk = ST^ST" S = 



fcfc'-l -k 



Here fc = 1, T V — 1 and fc' is any integer such that kk' = 1 (mod N) (cf. Apo76 |, 
theorem 4.3 or |Rad2g|] ). F^^ = ^F and 



F 



fa b\ I ( d 



— c 



\Nc dj y-^Nb a 

In particular, if kk' = + 1 then FVkF^^ = —V-k'- Let H denote the upper half 
complex plane, that is the set of all t G C with positive imaginary part. F acts 
on H by ("^)(t) — . The Fricke involution acts in the same way. Note that 
SF{t) = Nt and Fs\t) = ^. 

The metaplectic group Mp is a double cover of F consisting of elements {A,j) 
where A = (°^) e F and j is a holomorphic function in t e 7i such that 
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j(r)^ = CT + d. The group multiplication is defined to be j(r))(i3, /c(r)) ~ 
(^AB,j{BT)k{T)Y For any k G the metaplectic group then acts on the space of 
functions on Ti. by 

(2.2) f\iA,M^)=j{ryfiAiT)). 

1 /2 

In particular, we will write (t)^ to denote the branch of the square root that is 
positive for positive r. {S, +) will be the corresponding element of the metaplectic 
group using this branch. {T,+) uses the constant square root of +1. Note that 
{S, +)^ = (— 1, i). We will sometimes write (G, *) when it is not required to specify 

the branch. Note further that f~^\(A,j,k) = {f\(A,j,-k)) ■ Let F' be a subgroup of 
F of finite index. An orbit in QUioo under F' is called a cusp. Let F' be a subgroup 
of finite index of F of level N, that is, F' D F(iV). A function / : H C is 
called a modular form of weight k and multiplier system x for F' if / is holomorphic 
on H and f\iA,j,k) — x(^7 j)/ for all A = (°^) G F' and t e H. We can substitute 
q — e'^'^" , such that |q| < 1. / is called holomorphic modular form if in addition at 
each cusp of F' / has a g-expansion without negative powers. 
We can now define the Dedekind eta-function. For t G TC, let 

oo 

(2.3) 77(t) = Y[{1 ~ e^™'^). 

1 

In terms of q we obtain the simpler form 

oo 

(2.3') ??(<z) - - 

1 

Note that (2.3') is well defined only by the additional prescription qii — g^'^*'^/-^'*. 
This will be implicitly understood whenever either variable g or r is used in this 
work. We will also consider A{q) — rj^^iq). It is well known that ri{ST) = 
g-7rj/4j-^-j V2^^^-j ri{TT) = e"'^/^'^ri{T). Thus 77 is a modular form of weight 
i and A is a holomorphic modular form of F of weight 12 and trivial multiplier 
system. Furthermore, A has a zero of first order at q = and has no other zeros 
for \q\ < 1. 

Modular forms are uniquely determined by a certain number of initial coeffi- 
cients. We will in particular use the following theorem. 

Theorem 2.1. Let F' be a congruence subgroup of the modular group T of 
finite index. Let f be a holomorphic modular form of V of integer weight k and a 
character x such that x^'^ifj) — 1 for all g G F'. Suppose that the q-expansions of 
/(r) at all cusps do not contain any terms of q of exponent < j^. Then / = 0. 

Proof. /^^ is holomorphic in Ti and has trivial multiplier. By assumption its 
expansion at any cusp does not contain terms of exponent less or equal k. The 
(7-expansion of A at any cusp has a fc order zero, hence is a holomorphic 
modular form with trivial multiplier of F'. Its weight is 0. However, the only 



such forms are constant, cf. |Kob84|, III. 3. Prop. 18. As the constant term in the 



g-expansion was assumed to be zero we conclude / = 0. □ 



Remark. The proof shows that a similar theorem holds for forms of any char- 
acter of finite order. 
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Corollary. Let N be a prime and V = To(N). Let f be as above. Lf the 
q-expansions of both f and f\s at zero do not contain any terms of exponent < 
then / = 0. 

Proof. ro(iV) has exactly two cusps, represented by and oo, cf Shi71 |, 
p. 26. As S interchanges these two cusps the given criterion is equivalent to that of 
the theorem. □ 

2.2. Some Modular Forms Related to Eta 

For the remainder of this chapter let N be an integer such that N + 1 divides 
24, and let M = j^^- We will need to know the transformation properties under 
the modular group for a number of functions related to the 77-function. We begin by 
considering ri{NT), which corresponds to ri{q^) in terms of the argument q. Then 

(2.4a) 



N 

(2.4b) r7(7VT)|(j,_+,i) = 7j{NTt) = viT^'iNr)) = e'^r^iNr) 

Now let 

(2.5) Mr)^rji^+j) 

which corresponds to ^l'j{q) = r]{€^q^^^) in somewhat ambiguous notation where e 
is an N^^ root of unity. Note that these are the tpj as defined in chapter 1, and 
used in theorem 1.7. 

(2.6) ^,|(T,+,i)(r) - MTr) - ^(^^^^ + (1 + j) - 1) = /i2V^,+i(r). 

To determine ipf^ \ (5 +1 ) we first notice that + {j + N) ^ + j) + {N + 

1). Now (e'^'/i^)^^^^^*^ = 1 and thus V'j>Ar(r) = ipj''{T). Given j, choose j' such 
that jj' = l(modAf) and define 

(2.7) G = -FVjP-^ = -^FSPSP'SP-^ = ({ e To{N). 



,N j 

The action of G on r equals that of —G, hence we obtain that 

^^ + ^ ' j = T^FST^St = T^GT^'t-^' FST-^'t = T^GT^' '^^^ 



N ■' \ N 

Note furthermore that the holomorphic function j associated to the element G of 
equation (2.7) satisfies i^(^-^) = t. Hence 

(2.8) 

niS.+,k){r) = ((r)f )"'^,(5r) = ((r)f ) (^T^G(^)) = 

= ((r)f )"'eWi2^ (^G(^)) =e^Wi2^(G)rK^) = 

^eO-+/)Wi2^(G)^_^.,(r). 

The character x{G) will have to be calculated case by case using the following two 
lemmata. 
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Lemma 2.1. Suppose that, for the element G of equation (2.7), 
G = S'T«5T*5T'=5. Then 

Here J = J{a, b, c) is an integer that will be specified in the proof. 

Proof. Let y = -^-jf-- Following the line of argument in formula (2.8) we find 




The factors containing r or y other than rj itself multiply to a constant as already 
seen in equation (2.8) above. To determine the correct branch of the square root 
it is sufficient to evaluate for r = + where is a large positive real. Then i 
becomes arbitrarily small and it suffices to evaluate 

/ -1 si/2 / xi/2 .5c- l\i/2/a&c-a-c\i/2 

i^b^v. (^)+ (^^)+ • 

Note that a, b, c are integers and in particular real. If J is the number of changes 
of sign in the sequence l,c,bc— 1, abc — a — c = N then the correct branch is i"^. 
This completes and proves the claim. □ 



Lemma 2.2. Suppose that, in the above notation, jj' = N + 1. Then G = 
ST-^'ST-iS and 

- sign(-/)e-3W4^,_^.,(^). 

Proof. The argument is a simplification of the proof of lemma 2.1. Here we 
have to count the number of sign changes in the sequence 1, — /, jj' — 1 = N. □ 

With these tools we can now describe the transformation of ipj^^ for any j and 
N, M as above. 

Theorem 2.2. Let N be any of 2, 3, 5, 11. Then 

^f|(5,+ M)(r)=e^^V'^,.,(r). 

Proof. Claim: We can use lemma 2.2 for all j and N. The cases j = 1 
{G = -ST-^S) and j = -1 {G = ST^S) are trivial. We recaU that we only need 
to consider j modulo N. Furthermore, as jj' = (— .i)(— i') it suffices to consider 
j = 2, However, if iV = 5, 2 * 3 = 5 + 1, and if TV = 11 we have the 
decompositions jj' = 2 * 6 = 3 * 4 = (—6) * (—2) = 11 + 1 (note that —6 = 5 
mod 11). Application of lemma 2.2 now gives the result as the factor sign(— j') is 
cancelled by the even power M. □ 
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Theorem 2.3. Let N = 7 or N = 23. Then 

Here denotes the Legendre symbol. 

Proof. If iV = 7 we use the decompositions jj' = 2*4= (—4) * (-2) = 7+1 
where 3 = — 4 mod 7. Squares modulo 7 are 1,2,4. Hence the claim follows from 
Lemma 2.2. 

Now let N = 23. The squares modulo 23 are 1, 2, 3, 4, 6, 8, 9, 12, 13, 16, 18. The 
decompositions jf = 1* 24 = 2*12 = 3*8 = 4*6 = 23 + 1 show which j are 
covered by Lemma 2.2. For the cases of the remaining j first observe that if 

l(s,+ M) = i'-y 

then 

(Note that (-^) = as the Legendre symbol is multiplicative.) Thus we are 

only left to consider separately j = 5, —5, 7, —7 as we obtain j' = —9, 9, 10,-10. 

Now G = -FST'^ST-^SF-'^ = ST-'^ST-'^ST'^S hence by Lemma 2.1 we 
obtain 

V5|(s,+,i)(r) = e--e('^+(-'')-'^-2+2)Wi2,J(-5,-2,2)^g(^) 

As 9 is a square modulo 23 this is the claimed transformation. 

The other cases are analogous, and it suffices to give the factor 

^-■^igU+j'+a+b+c)m/12^J{a,b,c) 

For = (—5, 9) we obtain (a, b, c) = (4, —2, —3) and thus a factor of 

g-7rig(-5+9+4-2-3)7ri/12^_-|^^ _ gl7ri/4 _ g-37ri/4 

For = (7, 10) wc obtain (a, b, c) = (—3, 3, —2) and thus a factor of 

g— n-ig(7+10-3+3-2)7ri/12^_-|^-j _ g57ri/4 _ g-37ri/4 

For = (—7, 13) we obtain (a, b, c) = (3, —4, —2) and thus a factor of 

g— 7rig(-7+13+3-4-2)7rj/12^_-|^^ _ gl7rj/4 _ g-37ri/4 

This concludes the proof of theorem 2.3. □ 






CHAPTER 3 



Lattices and their Theta-Functions 



This chapter establishes a number of properties of integral lattices which will 
be used in chapter 4. The lattices in question are those which are part of formula 
(1.25). Section 3.1 quotes a number of results concerning the dual of a sublattice 
of a self-dual lattice, and modularity properties of ^-functions under the generators 
S and T of the modular group. We then restrict our attention to the particular 
type of lattice that arises in (1.25). Again, the modularity properties of their 
6'-functions are fully understood in principle. Section 3.2 establishes the explicit 
modularity properties (including characters) of these ^-functions. Please note that 
in the notation of chapter 3, the letter L denotes a more general object than in 
chapter 1. 



For any lattice L, let [L] = L (g) M denote the vector space spanned by the 
elements of L. Let A again denote the 24-dimensional unimodular self-dual Leech 
lattice. For any sublattice L of A, we define the orthogonal projection ttl ■ [A] 
[L] . We begin our review with a well known description for the dual of some lattices. 

Theorem 3.1. Let L be a sublattice of A such that A n [L] = L. Define the 
projection ttl ■ [A] [L] as above. Then L* = ttlA. 

Proof. The projection 7ri(A) is contained in the dual L* because, for any 
A e A and any /z € L, the inner products satisfy {nL^fJ') = (A, /x). The other 
inclusion will be proved by induction. 

For any proper sublattice Lr of A such that L,. = An [L,.] we can choose A^+i G 
A such that Lr+i := Lr ® ZA^+i as lattices and that Lr+i = A fl [L^+i]. Below, 
we will show how, given A* G L*, to find X*^i £ L*_^_i such that TTLr-iK+i) — K- 
The proof can then be completed as follows: Given A* G L* we choose tq = dim L, 
Lrg = L, X*^ = A* and continue inductively until L^ = A. Then A*^ G A* = A and 
hence A* = 7ri,(A*J G 7rL(A) which finishes the proof. 

We now construct X^+i for given X* G L*. Suppose L,- as a lattice has a basis 
Ai,...,Ar. We choose rational ai,i = l,...,r such that A^+i — Xli=i^i'^i ^ [-^r"]- 
(This is possible because L is an integer lattice.) We use the ansatz 



with a G Q. We then have to satisfy the condition that the inner product of this 

expression with any element of is integer. However, the inner product with 

any element of L^ is trivially integer. Thus we complete the proof by choosing a 
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such that the inner product with A^+i is integer. 



□ 
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We also quote the following fact from CS88| ] (chapter 4, theorem 1): 

Theorem 3.2. Let L be a sublattice of A. Let L^ denote the orthogonal com- 
plement of L within A. Then the abelian group L* / L is isomorphic to the group 

{L^r/{L^). 

Obviously theorems 3.1 and 3.2 remain true if we replace A by any self-dual 
lattice. Let Ol+\* denote the theta-function of the lattice L translated by A*, that 
is 

(3.1) ^L + A*(g)= E 'i^^-"^'"- 

xeL+x* 

As before, non-integer powers of g = g27riT ^^yi be understood to be defined by 
qX _ g2;TiTx^ -y^g ^^^^ quote the following theorem which goes back to Jacobi 
and is a special case of theorem 13.5 of |Kac90|: 

Theorem 3.3. Let L be an I -dimensional integral lattice, let A* be an element 
of L* . Then 

^L+A.|(5, + ,i)('7) = ^^^ E 

and 

Furthermore, the action of the modular group on the vector space spanned by the 
functions 0l+a*, A* G L* / L is unitary. 

Corollary. For A* — 0, 

3.2. The Character of Theta 

Let L be an even Z-dimensional integer lattice with dual L* . Let N be the least 
positive integer such that NL* C L. Suppose that N is prime but not equal to 2. 
We calculate the transformation of 6*^ under the generators of Tq{N). Clearly 9l 
is invariant under (T, 1). For {Vu, *) = {ST'^ST'^'S, *) (cf equation (2.1)) we obtain 

I 

^l((S, + )(T^l)(S,-(-)(T''^l)(S,+)4) 



^\L*/L\ ^^"'^\{T\l)(S,+){T>'' ,l)(S,+)A 



\eL*/L 

g — 3/7ri/4 
t3 



=: E c^{^)^L+v, 

where this defines coefficients Cv{k). We first evaluate the coefficient co(fc). Note 
that because kk' = 1 (mod N) 

k{X-k'nf = k\^ - 2kk'{X,fi) + k{k'fn^ = kX^ - 2(A,/i) -FfcV(mod 2Z). 
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Hence 



p-3l7ri/4 
V\^*/M X,iJ.eL'/L 



-3lwi/4 _ , 



Now the sum runs through all elements of L* /L exactly \L* /L\ times. Thus 
(3.2) co(fc) = ^^_ y e'^'^^ 

L* / L is an abclian group of, say, n generators xi of order r^, i = 1, . . . n. There can- 
not be other relations. As we assume N is prime all must equal N . Furthermore 
we note that \L* /L\ = AT". 

Hence any A € is of the form aiXi with < ai < N — 1. Consider 

JV-l 



E 



g7rife(y+a„a:„) 



an=0 

where j/ is a fixed element of L* / L of the form '^"Z^ ajXi. Choose integers a,/3 
such that = and {xn,y) = ^^(Z)- Note that a ^ 0. Choose a' such that 
aa' = 1(A). We observe 

2a' 

{y + anXnf = {y- ct'Pxnf' + -^{aa-n + fif (mod 2Z) 

Thus 

AT-l JV-l 
^3 3^ g7rife(j/-|-anXn)^ _ gVik{v-oc'l3x„f g7rifc^(aan+/3)^ 

a„=0 a„=0 

The second factor on the right hand side of (3.3) can be calculated explicitly. As 
a' i- 0, we find for N = 3(4) 

(3.4a) =g = (^^)^>=(^)^' 

and for AT = 1(4) 

(3.4b) =^^W^^=(^)V]V=(^)V]V. 

Now consider the first factor. Let (p{y) = y — {y, Xn)Na'xn- The set 

|(/)(j/) I y =Y,aiXi,0 < ai < iV- l| 

forms an abelian group on n — 1 generators. It has exactly the n — 1 relations 
inherited from L*/L. Hence we evaluate (3.2) using equations (3.4) and induction 
on the number of generators as in equation (3.3). We obtain for A' = 3(4) 
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For A'' = 1(4) we obtain 

Next we observe that (Vi.-*) = {S, +)(T, 1){S, +)(T, 1){S, +) = iT-\ 1) acts triv- 
ially, i.e. co(l) = 1. Hence, for general k, and any prime N ^ 2, co(fc) = (;^)"- 

Because the coefficient co{k) has modulus 1 and because the transformation 
induced by the action of Vk is unitary (see the final part of theorem 3.3), the 
remaining coefficients must be zero. The Legendre symbol is multiplicative and 
thus we have proven 

Theorem 3.4. Let L be even l-dimensional integral lattice, let L*/L have n 
generators, let N ^ 2 he prime such that NL* C L. Then 9^ is a modular form for 
To{N) of weight | with character xi^d) = (;^) ■ (The character of course depends 
on the branch and is as stated when the branch of any (G, *) is the product of the 
branches of the (14,*) above.) □ 

Wc observe two interesting consequences of the above argument. The fact that 
the action of (Vi, 1) is trivial provides us with some relations between l,n and N. 
In the case N = 3(4) we conclude that n = | mod 2. Thus | can replace n in 
theorem 3.4. In the case N = 1(4) we conclude that | must be even. 

For A/' = 2 we recall that ro(2) was generated by T and ST^S. The following 
theorem can be proved along the same lines as theorem 3.4. 

Theorem 3.5. Let L, I, N, n be as in theorem 3.4, except that we now assume 
N = 2. Then 



CHAPTER 4 



The Proof of Theorem 1.7 



In this chapter we prove formula (1.25). This wiU then complete the proof of 
the central result of chapter 1. In section 4.1, we describe the lattice L — A'^^ 
and its dual L* . Note that in this chapter, as in chapter 3, L does not denote the 
same object as in chapter 1. The explicit identification of the fixed point lattices 
can then be used to complete the proof of lemma 1.3. We identify the modularity 
properties of the theta-function of L and some lattice symmetries. In section 4.2, 
we proceed to count the number of elements of L* / L according to norm. This 
amounts to counting sums of quadratic residues. Section 4.3 classifies the vectors 
of L of norm less than 2. Section 4.4 puts everything together to conclude the proof 
of the central theorem 1.7. 

We start with the observation that for A^ = 2 and A^ = 3 the fixed point lattices 
A'^ are well known. For N = 2, [ |CS88 | identify the fixed point lattice in chapter 4, 



section 10, as the Barnes- Wall lattice Aig. Its orthogonal complement is the lattice 



^/2Es- For A^ = 3, |CS88| identify the fixed point lattice in chapter 4, section 9, as 
the Coxeter-Todd lattice K12 whose orthogonal complement is Ki2. Thus in these 
cases the theta-functions are well known. 

4.1. The Theta- Function of L* 



CS88|, chapter 10, theorem 25 provides the following description of the Leech 



lattice A in K^^. Let C be the set of the elements of the 24-dimensional Golay code. 
The vector (xoo, xq, X22) G Z^'' is in y/SA if and only if 

(4.1a) the co-ordinates Xi are all congruent modulo 2, to m, say; 

(4.1b) the set of i for which n takes any given value modulo 4 is a C-set; 

(4.1c) the co-ordinate-sum is congruent to 4m modulo 8. 



Equivalently we recall from |CS88|, chapter 4 that any element of \/8A is of 
one of the following two shapes: 

(4.2) 2c -I- 4a; or {1^^^'^) + 2c + iy 

Here c € C is understood as an element of R^"', (xn) G Z^** is such that ^ x„ even, 
y = iUn) G is such that ^ ?/„ odd. In line with equation (1.3), the norm of 
an actual Leech lattice element in the above descriptions is ^ times the sum of the 
squares of the (integer) co-ordinates. 

We consider simultaneously the cases A^ = 2, 3, 5, 7, 11, 23. Let cr be an auto- 
morphism of the Leech lattice of order A^ and cycle shape 1*^A^^^ where M — 

Thus a acts by permuting the co-ordinates of M^^. The character of the 24- 
dimensional representation (where a acts as permutation of the co-ordinates) is 
registered in the Atlas Con85|l as xio2. From the cycle shape of a we conclude 
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that Xio2(ct) = M. Hence we can identify the conjugacy class of a in the Atlas 
|Con85[ | as 2A, 3B, 5B, 7B, llA, and 23A respectively. 

In the case N = 5 we observe that the five elements of a cycle of a exactly 
determine an octad. The action of a maps this into another octad as a preserves 
the Leech lattice as a whole. This new octad also contains the 5-cycle, hence the 
octad is preserved by a. Thus the 3 remaining points of the octad must be among 



the 4 fixed points of a. A direct check of the examples given in |CS88], chapter 
10, section 2.1, yields that every 7-cycle together with one of the fixed points forms 
an octad of C and that every 11-cycle together with one of the fixed points forms a 
dodecad of C. 

To determine the elements of A'^ we observe that A € -y/SA is invariant under 
cr if and only if A = (ai, ajv/, b[^\ b'"^^). (6^^^ denotes N entries of b in the 
positions of a cycle of cr. We may order the co-ordinates according to the cycles 
of (J.) Thus the fixed point lattice A"^ is a 2M-dimensional lattice. We define 
L = (A"^)-*-, the lattice orthogonal to the fixed point lattice of dimension 24 — 2M. 
By theorem 3.2, L*/L and (A'^)*/A'^ are isomorphic. By theorem 3.1, (A'^)* = ttA, 
where n = tta^ is the projection of the Leech lattice into the subspace spanned by 
the fixed point lattice. 

Lemma 4.1. // an element A = (ai, fojj^'') of \/8{A'^)* has integer co-ordi- 
nates, it is in a/SA'^. 

Proof. For iV = 2, 3 this follows from the explicit description of the lattices. 
For the remaining N we observe that tt acts by averaging over the cycles. Hence it 
follows from the description in (4.2) that the co-ordinates of A are either all even 
or all odd. We subtract a suitable multiple of (— 3^^^ i(23)-) g y/sA" to obtain even 
co-ordinates everywhere. From the description of the cycles of a with respect to 
the Golay code we conclude that for every cycle there exists an octad (or dodecad 
respectively) with entries precisely in one cycle of a and in a number of co-ordinates 
fixed by cr. Subtracting suitable multiples of these we obtain from A an element 
A' G •\/8(A'^)* with non-zero entries only in the M co-ordinates fixed by cr. This, in 
turn, implies that A' must be an element of y/SA by the following argument. The 
product of A' with any element of ^/8L must be in 8Z. A' has non-zero entries only in 
up to four places. Now there are elements of VSL having entries (2, 0, 0, 0, *, *). 
Thus all the entries of A' must be divisible by 4. Furthermore, there are elements of 
shape (1, 1,1,1, *, *) of \/8L. Hence the sum of the entries of A' must be divisible 
by 8. Thus A' satisfies the conditions (4.1) and hence is an element of \/8A. □ 

The projection tt acts by averaging the co-ordinates of the cycles of the permu- 
tation. Thus the entries must be in -^Z. Hence we have shown that A^(A'^)* C A'' 
and more precisely (A°')*/(A'^) is an Af-dimensional vector space over Z/NZ and 
has N^'^ elements. Moreover, we can give an explicit basis for (A'^)*/A°' as follows: 

1 4 
= ^(4,0,...,0,- ,0,...) 

where j — 1, . . . , M, one for each A^-cycle of cr. Note that the AJ* are mutually 
orthogonal modulo 2Z and of norm -^(2Z). 

By theorem 3.2, the same holds for L* /L. For the transition we observe that 
any A € A can be written as 

A = 7rL(A) + TTA- (A). 
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In particular, this implies that ttlW = ■'i'L(M)(niod L) if and only if 7rA"(A) = 
n\<j(fi) (mod A'^) and further 

{ttlW, 7rL(/i)) = - {tta„ (A), TTA- (m)) mod Z 

L is even because A is and L has dimension 24 — 2M. We can now apply theorems 
3.4 and 3.5 to obtain 

Theorem 4.1. For all N — 2,3,5,7,11,23, the theta-function of L, 0l, is a 
modular form ofToiN) of weight M=pL = 12^. The character is x("^) = (^) 
for N = 7 and N — 23. The character is trivial in the other cases. |— | 

Using the explicit identification of the dual lattice elements, we are now able 
to complete the 

Proof of Lemma 1.3. The cases = 2 and A^ = 3 are clear as the fixed 
point lattices are Aig and K12 respectively. So we assume N > 5 and M < 4. Now 
suppose there were a root r g A'^. The reflection induced by r is the same as that 
of nr e A'^ where n is any nonzero integer. Hence we can assume that r is primitive 
in the sense that, if n e Z, |n| > 1, then ^ is not in A'^. For any v G A"", the inner 
product (r, v) is integer, hence the greatest common divisor d = (r, A'^) of all the 
inner products {r,v),v G A'^, is defined. It follows that ^ G A'^*. We have seen 
above that A^A"^* C A'^. As A^ is prime it follows that the only possible cases are 
d^l 01 d = N. 

The reflection through r takes a vector v to the vector v — ^^^ry^r. If d = 1 
we conclude that must be integer, which is impossible as the Leech lattice 
does not contain elements of norm 1 or norm 2. If d = A^ we conclude that -^1^ 
must be integer. This is equivalent to being an integer multiple of {jj, jj). Now 
€ A°'* = 7rA"(A). As identified above, elements of A''* are of shape 

Here ai,bi £ Z, and the raised indicates A^ equal entries. The norm of the above 
element is 

It remains to prove that this cannot be smaller or equal in the relevant cases. 

The projection tt from A to A'^ acts by averaging the entries of the A^-cycles. 
Equation (4.2) stated that the vectors in A are of two different shapes. For vectors 
of shape (l'^'*^ +2c+4j/) we note that the vector (1*^^^^) is preserved under tt. Hence 

||.(1(-) + 2c + 4,)|| > i(M X 1 + A/ X 1) = im±}l = A. 

For vectors of the remaining shape, (2c + 4x) where c is an element of the Golay- 
code and the sum of the entries of x is even we observe that the norm will be less 
or equal jj only if all equal and at most two of the 6j have modulus at most 1. 
However, if the sum of coordinates of a cycle is nonzero, it is at least 2, because all 
entries are even. Thus there cannot be any vectors of norm less or equal □ 

The group of all automorphisms of the Leech lattice is identified as 2.Coi in 



the Atlas |Con85|. If a is an automorphism as above we consider the group (a) of 



order A^, generated by a. The normalizer of a in 2.Coi is the subgroup of 2.Coi 
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of all elements ip such that ipicr) — {a)ip. If "0 is an element of the normalizer of 
a it maps the fixed point lattice of a to itself and hence induces an automorphism 
of L and moreover L* . For the same reason it induces an automorphism on L* / L. 
For N prime, we write Z^r for the finite field Ij/NIj. We follow the notation of the 



Atlas |Con85| for orthogonal groups over finite fields. For even dimension 2m, the 
'+' type of an orthogonal group corresponds to maximum Witt index to, and the 
'— ' type corresponds to Witt index to — 1. 

Claim. For N = 11, 1, 5, and M = 2A/{N + 1), consider a of order N as 
above. For N — 11, the centralizer of a in 2.C'oi acts on L* / L as the orthogonal 
group O^(ll) (up to a conjugacy class of order 2). For N = 7 and N = 5, 
the normalizers of a in 2.Coi act on L*/L as the orthogonal groups SOsiJ) and 
GO^{5), respectively. 

Proof. All calculations required to prove this claim were carried out during 



the composition of the Atlases Con85|, [ Jan95|, but not all have been docu- 



mented. Theorem 3.2 applies such that we obtain L*/L = (A*^^ )/(A'^-^)= k"* /K'^. 
Hence, we may consider the fixed point lattice, rather than its orthogonal comple- 
ment. This reduces the dimension of the lattices under consideration from 24— 2M 
to 2M , over C. Furthermore, explicit descriptions of the lattice elements are far 
more readily available, and a basis has been identified on p. 41 above. 

For the case iV = 11, the element 11 A has centralizer 11 x D12 in 2.Coi. In 



accordance with the notations of the Atlas | Con85 |, D12 here denotes the dihedral 
group of order 12. We note the isomorphism I?i2= 02^(11). The action of the 
centralizer on the quotient space A'^*/A'^ induces a representation of the orthogonal 
group over Zn of degree 2. 

Using the Suzuki construction of the Leech lattice we find that the order 3 
automorphism within the centralizer corresponds to a rotation through 120 degrees 
in that construction. Hence its trace must be —12. The character of the 24- 



dimensional representation of 2.Coi is recorded in the Atlas |Con85 as Xi02- This 
identifies the automorphism class as 3A. 

When restricted to the action of D12, the 24-dimensional representation of 
2.C01 decomposes into a number of irreducible constituents. These are sufficiently 
characterised by the trace of the automorphism of order 3. Counting multiplicities, 
there are 12 irreducible constituents whose characters all satisfy 

X{1A) = 2, x(2A) - 0, x(3A) = -1, ... 

This, in turn, enables us to identify the explicit matrix form of the order 3 auto- 
morphism on the 4-dimensional vector space A'^ over C, which has trace —2. It is 
given in formula (6.14) below. 

We now consider representations over the finite field Zn. These are in one- 
to-one correspondence with the representations over C because the characteristic 
11 of Zii does not divide the group order 12 of D12. Using the explicit basis for 
K"^* / , we find that the automorphism of class 3 A continues to act non-trivially 
on the 2-dimensional space A'^*/A'^. Its matrix form over the finite field Zn is 



5 -3 
3 5 



mod 11. 



The character table of D12 now sufficiently characterises the induced action of 
D12 for our purposes. Note that we have not determined the action of one conjugacy 
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class of order 2 which may, according to character table, act as either +id or —id. Up 
to this class however, we may nevertheless conclude that the induced action of the 
centralizer is the orthogonal matrix action of the orthogonal group Di2=0^(ll). 

For the case N = 7, the element 7B in Coi has normalizer (7.3 x L2(7)).2, which 
contains ^2(7). 2= S03{7), and centralizer 7 x ^2(7), which contains ^2(7)= 03(7). 
Note that, in the case N = 7, we may consider the normalizer and centralizer in 
Coi because the double cover of 1/2(7) in 2.Coi is not proper. The action of the 
normalizer on the quotient space A'^*/A'^ induces a representation of the orthogonal 
group of degree 3 over Z7. 

The centralizer contains an element -0 of order 3 which cyclically permutes the 
3 octads underlying the automorphism a. Hence, tr(i/)) = 0. Using the explicit 
basis of A°'*/A°', we find that i/j induces an automorphism of the 3-dimensional 
quotient space (over Z7), again with trace 0. 

The Br auer character table of the (unextended) group L3(2)=L2(7) in the At- 
las [ Jan95 | shows that this trace will only be matched by the character of the 
irreducible representation 02, which, at the same time, is the character of the or- 
thogonal representation of 503(7). Hence, we have uniquely identified the induced 
action of the normalizer as the orthogonal matrix action of the orthogonal group 
503(7). 

We turn to the case_/V = 5. The normalizer of an element of class 5B in Coi is 
identified in the Atlas |]Con85 as {Diq x (^5 x ^5). 2). 2. In 2.0oi, the normalizer of 
an element of class 5B contains the orthogonal group GO4 (5)= 2.0^(5).2^ where 
Of{5)= A5 X A5. The centrahzer of class 5B in 2.001 is 5 x 2.(^5 x Ar,).2. Unlike 
A'^ = 7, in the case N = 5 we must consider the normalizer and centralizer in the 
double cover 2.0oi. The representations involved do not restrict to representations 
of subgroups of Ooi. The action of the normahzer on the quotient space A'^* /A°' 
induces a representation of the orthogonal group GO^ (5) of degree 4 over Z5 . 

The leading '5x' corresponds to the element 5B itself. In terms of representa- 
tions, the trailing '.2' relates to split or fused representations. For our purposes, 
it is therefore sufficient to consider the irreducible representations of the group 
2.(^5 X vis). Over both C and the finite field Z5, these can be constructed from 
the representations of the group (2.^5) x (2.A5), by quotienting out the kernel of 
the representation (which corresponds to quotienting out the central 2, identifying 
the two leading '2.'s). The characters of all representations of 2.A5 are listed in the 
Atlases [Con85| and |Jan95]. 

Again, it is easy to identify explicitly a number of elements of the centralizer. 
There are permutations of the 4 octads underlying the automorphism a of order 
2, 3, 4. There is also the order 3 automorphism which corresponds to a rotation 
through 120 degrees in the Suzuki construction. The explicit form of these elements 
of the centralizer is sufficient to conclude that neither of the two subgroups A5 acts 
trivially on any 1-dimensional subspace of the 8-dimensional space spanned by the 
fixed point lattice. Equally, this holds for the 4-dimcnsional quotient space L* /L 
(over Z5). 

This sufficiently characterises the representation in the Atlas character tables 
of 2.^45. Over C, we obtain the 8-dimensional real representation of 2.A5 x 2.A5 by 
tensoring the 2-dimensional (conjugate) representations xe or X7 fusing with 
their algebraic conjugate: 8 = 2x2-1-2x2. Over Z5, we obtain the 4-dimensional 
representation of 2.A5 x 2.A5 uniquely by tensoring the 2-dimensional representation 
(p4 such that 4 — 2x2. At the same time, this is the character of the orthogonal 
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representation of 2.0^(5)=2.(yl5 x A^). (Note that the 'generically simple' group 
of (5)^ Ac, X A5 has a faithful projective 4-dimensional representation only.) Hence, 
we have uniquely identified the induced action of the normalizer as the orthogonal 
matrix action of the orthogonal group G0f(5). □ 

Theorem 4.2. Let N be any of 23, 11, 7, 5, 3, or 2. Let a of order N and 
L — A"^ be as above. Let X* , 11* be elements of L* , not in L, such that ^ ^ = ^ ^ 
modulo Z. Then 9l+X' = (^L+n* ■ 

Proof. Let [ ] denote the residue class in L* /L. It suffices to construct an 
automorphism of L* so that its restriction to L* /L takes the residue class [A*] of 
A* to the residue class [/i*] of fi* . Now L* /L is a vector space over the finite field 
Ztv of dimension M. We recall the inclusion iV(A'^)* C A"". Hence, for 7^ 2 we 
obtain a non-degenerate inner product with values in Z^r if we define 

{[\*l[y*])^N{\\ii*) mod A^ 

where the bilinear form on the right hand side is the standard form. Calculating 
the Witt index shows that this form is of ' type for = 11, and of '+' type 
for A^ = 5. (For A^ = 23, the form is trivial, for iV = 7 it is unique. The cases 
N = 2 and = 3 are handled separately.) We will now consider the various A^ 
individually. The claim is trivial for A^ = 23 as M = 1. 

Case A^ = 11: The 121 elements of the 2-dimensional vector space over Zn fall 
into 10 classes (of norms 1 to 10, respectively) with 12 elements each, plus the zero 
vector. Co-ordinate interchange and application of —id are obvious symmetries. 
It is straightforward to check that the automorphism ( ^ ~g ) mod 1 1 of order 3 
explicitly identified above completes the required symmetries. 

Cases N = 7 and N = 5: We found above that the group 5*03(7), and hence 
003(7), describes symmetries of the quotient lattice L*/L = (A'^-'- )/(A'^-'-) for 
N = 7. Equally we found that G0f{5) describes symmetries of the quotient lattice 
for N — 5. Witt's Extension Theorem ([ pac85 |, Chapter 6.5) asserts that, given 



any non-singular bilinear form (i.e. '-I-' and ' type for even dimensions, unique 
for odd dimensions), any isometry of subspaces (i.e. the map taking [A*] to [/z*] ) 
can be extended to an isometry of the whole vector space, i.e. an element of the 
group GOltiN). 



Case A^ = 3: [ CS83 | prove that the group of isometrics of the Coxeter-Todd 
lattice acts transitively on vectors of norms 4, 6, and 8 respectively, which is suffi- 
cient to prove the claim as L* = -^Ki2. 



Case N = 2: In [ CS88 |, chapter 4, section 10 (p. 131) the centralizer of a 



is identified as 0^{2). 0^(2) acts transitively on vectors of norm 1 and 2 in 
L* = ^^Es. □ 

We summarize: The translated theta-function 9l+x* , \* ^ L, does only depend 
on '^^^ mod Z. Hence we can pick A* such that '^^'^ = ^ mod Z for r = 
0, . . . , A^ — 1 and write 

JV-l 

(4.3) 9l' =Ol+Y. Pm {-^^ N)eL+x- ■ 

Here pM{r,N) is the number of non-zero elements with half- norm identical to ^ 
in L* /L. It will be determined in the next section. 
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4.2. Sums of Quadratic Residues 

Let N and M = be as above. For A e A we calculate the norm of ttl^ € L* 

as 

(4.4) {TTLXf = ((1 - ttaOa)' = - (tta.A)'. 

Hence the number pM{r, N) of residue classes of a certain half- norm ^ mod Z 
in L*/L is equal to the number of residue classes of half-norm mod Z in A'^*/A'^. 

We recall that we found an explicit basis {AJ*} of A'^*/A'^ such that — — = 

mod Z and ^ ^ — = Z. Thus pm{t,N) is equal to the number of 
non-zero solutions to the following equation: 

M 

(4.5) ^ aij^ = r mod N 

i=l 

for ccj € Zjv. We now define pAtir, N) to be the number of all solutions to the above 
equation. Hence for r ^ 0(A''), pM{r, N) = pm{t, N), and pm(0, A'') = pm(0, A'') + l. 
We observe that pM{m'^r, N) = pM{r, N) for any non-zero m. Note that we always 
consider ordered pairs, or n-tuples, of residues. 

Lemma 4.2. Let N ^ 2 be a prime. If N = 1(4) (that is, —1 is a square modulo 
N) then P2{0,N) = 2N - 1 and p2{r,N) = N - 1 for all r ^ 0{N). If N = 3(4) 
(that is, —1 is a non-square modulo N) then p2{0,N) = 1 and p2{r,N) = N +1 
for allr^O{N). 

Proof. If —1 is a square, say = —1 then x"^ + y"^ = has the following 
2A'' — 1 solutions (x, zx), {x, —zx) for non-zero x and (0, 0). (note that ^; ^ — ^! as 
TV 7^ 2.) .T^ +y'^ = r is equivalent to — (zy)'^ = (x + zy){x — zy) = r. This clearly 
has the same number of solutions for any non-zero r. The result follows as there 
are A''^ — 2 A' -|- 1 possible choices of (a;, y) and N —1 different non-zero values for r. 

If —1 is a non-square modulo A^, p2{0,N) = 1 obviously. Let us first consider 
P2{r,N) for a square r = z^. The equation x^ + y'^ = z^ mod A^ is equivalent to 
x^ = {z -\- y){z — y) mod A'. We substitute a = z + y and b = z — y. Now if we 
choose a = then b is arbitrary and x = 0. (Note that we consider free z.) This 
gives A^ solutions. If we choose a ^ (A^ — 1 choices) then we can furthermore 
choose X arbitrarily which fixes b. This gives {N — 1)N solutions. We exclude the 
solution {x,y,z) = (0,0,0) and are left with A^^ — 1 solutions such that z 7^ 0. 
Of course, the number of solutions for any of the A^ — 1 non-zero z must be the 
same, hence there are N + 1 such. This proves p2{r,N) = N + 1 foTc any square 
r. p2{r,N) = A^ + 1 for r a non-square then follows from the fact that there arc 
^{N — 1){N + 1) pairs {x,y) left and that there are ^(A^ — 1) non-squares. □ 

Corollary. For M even, pM{r,N) is equal for any non-zero r. 
Proof. We obtain the result by induction using 

JV-l 

pM{r, N)=Y, P2(s, N) pM-2{r - s,N). 

□ 
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Theorem 4.3. For even M, that is N = 2, 3, 5, 11, we have 
PM(r7^0,7V) = l(iV^-(-iV)^) and 

PM{r = 0,N)= AT^-i + (-1) " (at^ - 7V"-i) . 
For odd M, that is N = 7, 23, we have 

PM{r ^ 0, iV) = 1 (tV^ + (^) 7V^) and pM(r = 0, TV) = TV^-^. 

-ffere, (;^) stands for the Legendre symbol as before. 

Proof. Wc use lemma 4.2 to proceed inductively to the cases p]\j(r,N) of 
interest. The case {N, M) = (23, 1) is trivial as any square can be represented in 
2 ways and any non-square cannot be represented. The case {N,M) = (11,2) is 
covered by lemma 4.2. 

Case {N,M) = (7,3): 

N-1 
2 

P3{0, 7) = pi(0, 7) P2(0, 7) + ^ pi(s2, 7) 7) 

s=l 

= 1x1+ ^-^ X 2 X (TV + 1) = 

2 

P3(-l,7) = pi(0,7) P2(-1,7) + J2 Pi(s'>7) P2(-l - s^7) 

= 1 X (A^ + 1) + "^-^ X 2 X (iV + 1) = iV(iV + 1) 

Note that —1 is not a square, hence — 1 — is never zero. The value for r a square 
now follows as the difference to the total N^. 

,3(1, r) = ^^l^M^I>^f^iMzM) 

2 

Case {N,M) = (5,4): 

P4{0, 5) = P2(0, 5) p2(0, 5) + ^ P2{s, 5) p2(-s, 5) 

s=l 

= (2N - 1) X (2A/' - 1) + (A/" - 1) X (JV - 1) X (JV - 1) 
= N^ + N'^-N 

As M = 4 is even, for non-zero r we obtain 

Case {N,M) = (3,6): The squares modulo 3 are and 1. The sum of six 
squares will be zero modulo 3 if and only if 0, 3, or 6 summands equal 1. Hence 
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there are (^)2" + (^)2-'' + (^)2*^ = 225 solutions. As M = 6 is even, for non-zero r 
we obtain 



P6(r,3) = 




= 252. 



Case (A^, M) = (2, 8): The squares modulo 2 are and 1. The sum of eight squares 
will be zero modulo 2 if and only if an even number of summands equal 1. of 8 
squares by either 0,2,4,6,8 summands 1. Hence ps{0, 2) = Q + Q + (l) + Q + Q) = 
136 and P8(l, 2) = 2* — 135 = 120 which completes the proof. □ 



4.3. The Short Vectors of L* 

In order to identify 0l we will determine the leading coefficients of both 0l 
and 6l*- As L is a lattice of dimension 24^^, by theorems 3.4 and 3.5 its theta- 
function has weight 12^^. We will want to apply theorem 2.1. Hence we need 
to determine the terms of a g-expansion of exponent up to and including exponent 
L is a sublattice of the Leech lattice. Hence any non-zero vector has norm 
greater or equal to 4. Thus the expansion of 6^ — 1 has a leading term of exponent 
at least 2. We now turn to L* . For the purpose of the proof it is sufficient to 
determine those vectors of norm less or equal to 2^^ in L*. In fact, we will find 
that there arc no such non-zero vectors. Note that the techniques developed below 
can also be applied to determine the shortest non-zero vectors in the lattices L* , 
which turn out to be of norm 2^^^^. The calculations were carried out as a double 
check of the results, but will not be presented here. 

The projection ttl onto the orthogonal complement of A'^ is identical to the 
composition of the following two operations on vectors of M^^. 

TTi : Kill the components which correspond to the M fixed points of a. This is 
a map -> M24-m_ 

772: For each of the M A/'-cycles of a, subtract a suitable (possibly non-integer) 
multiple of (O^-'^^^"-'^)), l^-'^^) (non-zero entries in the positions of an A^-cycle) such 
that the sum of the co-ordinates of that cycle becomes 0. This maps M^^~^ into a 
(24 — 2M)-dimensional subspace. 

Recalling the description of the Leech lattice in chapter 4.1, formula (4.2), we 
note that we can describe the elements of VSL* as all elements 7ri(2c-|- Ax) where 
c is still in the Golay code, but x now is arbitrary in Z^^. In particular, we only 
need to consider even entries. The following argument will only depend on the 
allocation of the co-ordinates to the individual cycles and will be independent of 
the particular order of the co-ordinates. Hence we adopt the convention that vectors 
will be represented cycle by cycle without specification of the order of the entries 
within a cycle or of the order of the cycles. A general element A of v^tti A will thus 
be represented as 

(4.6) A = ((ai,i, ai,jv), (aM,i> aM.Ar)) G . 

We introduce the average of a cycle Um = jf J2n=i and proceed to calculate 
the norm of -1=772 (A) & L* . 

(4.7) 7r2A=((ai,i-ai,...),...)eM^^-^. 
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(4.8) 

1 11 ^ M / N \ 

^ ^ m n m— 1 \n— 1 / 

Note that, in the notation of formula (4.2), is the actual element of L* and 
that the norm of an element is understood to be the inner product with itself rather 
than the square root of this inner product. Formula (4.8) proves the following 

Lemma 4.3. If X is as in formula (4-6) above then 

lk2A|| > \\tt2 {{\aiA\, ■■; lai.wl), {\aM,i\, ■-, WmmI)) II- 

The inequality will be strict if within a cycle there are strictly negative and strictly 
positive entries. |— I 

Furthermore, to achieve minimal norm the entries must be spread out as evenly 
as possible in the sense of 

Lemma 4.4. Let X be as in formula (4-6) above. Suppose that within a cycle 
co-ordinate entries differ by more than 2. Suppose further that the entries of the 
cycle are not all equivalent modulo 4- Then there exists a n G a/SttiA such that 

\\tT2X\\ > \\TT2fi\\ > 0. 

Proof. We use the notation of formula (4.8). Recall that we only need to 
consider Omn G 2Z. For fixed average of a cycle the minimum norm is obviously 
attained if the Omn G 2Z have no greater pairwise difference than two. Note that 
any vector that does not satisfy the condition has a strictly greater norm. Note 
further that the norm does not depend on the value of the average because of 7r2 . 
The vectors ((4,0(^"i)), (0^^^), ...) are elements of VSttiA. Hence, if A e VSttiA 
satisfies the assumptions of lemma 4.4 it is possible to subtract suitable multiples of 
these in order to obtain a vector /i which satisfies the claimed inequality. 7r2/i = 
is equivalent to all the co-ordinate entries being equivalent modulo 4. □ 



Lemma 4.5. Let 
(4.9) A,= ((4(«),0(^-«)),(0W),...). 

Then \\TT2Xq\\ = 2Si^^. There are no vectors with entries equivalent modulo 4 
which are mapped by 1^2 to non-zero vectors with norm less or equal 2-^^. 

Proof. The first claim is a straightforward calculation. Obviously none of 
the vectors Xq has norm less or equal 2^^. For the second claim it remains to 
consider vectors whose entries differ by at least 8. We use the argument of the 
proof of lemma 4.4. □ 

The only q with ||7r2Ag|| — 2 ^-^^ are q = 1 and q — N—1. As 7r2Ai = — 7r2AAr_i 
there are 2(24 — AI) vectors of the type 7r2(Ag) and norm 2-^^^^ in L* . 

Thus we only have to consider vectors of the form ttl (2c) where c is an element 
of the 24-dimensional Golay code, understood as element of M^^. We recall the 
following three properties of the Golay code, for details see [|CS88 |: 
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PI Given a Golay code element d with 772^ = we conclude that a 

Golay code element c has (up to sign) the same image under 7r2 as 
the symmetric difference cAd. Note that if c and d meet in, say, a 
places then cAd and d meet in — a places. This will reduce the 
number of cases to bo considered in the sequel. 

P2 An octad meets a dodecad in 2, 4, or 6, places. Any two distinct 
octads meet in 0, 2, or 4, places. (Otherwise their symmetric 
difference would have length not in {0, 8, 12, 16, 24}.) 

P3 Any dodecad is the symmetric difference of two octads. 

We furthermore introduce the following shorthand. For = 11, 



Furthermore, given a Golay code element c, we define its intersection numbers 
{xi,X2) with respect to the dodecads di and ^2- An analogous notation will be 
used for all A^. 

Case N=23: ||7r2(0(23-»), 2(»))|| = 1 "^^3""^ . This is smaller than 2 only for 
n < 6 or n > 17. The 24-dimensional Golay code is such that any element c has 
0,8,12,16 or 24 entries 1, the rest being zero. As the projection kills the first co- 
ordinate the projected Golay codes can have 0, 7, 8, 11, 12, 15, 16 entries. This 
completes the analysis of any non-zero Golay code element. Hence there are no 
non-zero vectors of norm less or equal 2^^. 

Case N=ll: Let di, d2 denote the two dodecads which define the cycle shape 
of the automorphism. Given an octad o such that ni{o) = (01,02) in the notation 
of (4.10) we obtain the norm as 



By (P2), up to permutation there are the following possibilities for the intersection 
numbers (xj): (6,2), or (4,4). Then aj = xj or aj = xj — 1 depending on the 
fact which entries of o are killed by tti . Note further that aj = 6 and aj = 5 are 
equivalent by (PI). Hence we need only consider the following cases: {aj) = (6,2), 
(6,1), (4,4), (4,3), (3,3). The norms are easily obtained as 24/11, 20/11, 28/11, 
26/11, 24/11 respectively. None of these vectors has norm less or equal 2^^. 

As dodecads cannot intersect in more than 8 points it is straightforward to 
see that there cannot arise any vectors of norm less than 2 from a dodecad. The 
vectors related to 16-point elements of the Golay code have been accounted for by 
considering octads by (PI). 

Because of lemma 4.4 this concludes the proof that there are no non-zero vectors 
of norm less or equal to 2-^^. 

Case N=7: Lot oi, 02, 03 denote the three octads which define the cycle shape 
of the automorphism. Given an octad o such that tti (o) = (ai , 02, 03) in the notation 
of (4.10) we obtain the norm as 



Given an octad o ^ Oj of the Golay code it meets Oj in Xj places where xj G {0, 2, 4} 
because of (P2). Hence up to permutation (xj) must be one of the following: (4,4,0), 
or (4,2,2). Note that aj = xj or Uj = xj — 1 (tti kills one of the places of the octad 
Oj). Note further that aj = 3 and aj = 4 are equivalent because of (PI). Hence we 



(4.10) 




7r2(ai, 02)11 = - oi) -1-02(11 - 02)). 



7r2(ai, 02, 03)11 = — (oi(7-ai)-Fo2(7-02)-Fa3(7-a3)) 
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only need to consider the following cases for {aj): (4,4,0), (4,2,2), (4,2,1), (4,1,1). 
These have norms 12/7, 16/7, 14/7, 12/7 respectively. There are no cases of norm 
less or equal to 2^^. 

Next we consider a dodecad d. If it intersects with Oj in 6 places then d — oj is 
an octad. Hence we have already accounted for it. Otherwise, by (P2) d meets each 
Oj in 4 places. Hence the projection has norm 18/7. As before, the vectors related 
to 16-point elements of the Golay code have been accounted for by considering the 
octads. Because of lemma 4.4 this concludes the list of vectors of norm less or equal 
to 

Case N=5: Let 01,02,03,04 denote the four octads which define the cycle 
shape of the automorphism. Note that this time the defining octads intersect, 
though only in places which are killed by tti. Given an octad o such that 7ri(o) = 
(oi, a2, aa, 04) in the notation of (4.10) we obtain the norm as 

lk2((a,),U)ll = ^E«.(5-a.)- 

Given an octad o ^ oj of the Golay code it meets the octads Oj in Xj,j — 1, ...,4 
places respectively. Because of (PI) it is sufficient to consider the cases where aj G 
{0, 1,2}. The number k of co-ordinates killed by tti satisfies < fc = 8 — ^ Oj < 4. 
Hence up to permutation {aj) must be one of the following: (2,2,2,2), (2,2,2,1), 
(2,2,2,0), (2,2,1,1), (2,2,1,0), (2,2,0,0), (2,1,1,1), (2,1,1,0), (1,1,1,1). If A; = 4 the 
intersection numbers Xj of o with Oj are just xj = aj + 3. Because of (P2) the Xj 
must be less or equal 4. This excludes (2,2,0,0) and (2,1,1,0). The remaining cases 
- whether actually occurring or not - have norm greater than 2 and need not 
be considered. 

Next we consider a dodecad d. The sum of the intersection numbers aj with the 
5-cycles must be at least 8. If [aj) = (2, 2, 2, 2) the projection has norm 12/5. Else 
there are intersection numbers of 3 or higher. By (PI) the symmetric difference 
with a suitable Oj will be a dodecad or octad with smaller intersection numbers. 
Hence we have already accounted for it. As before, the vectors related to 16-point 
elements of the Golay code have been accounted for by considering the octads. 
Because of lemma 4.4 this concludes the list of vectors of norm less or equal to 

o Af-l 
N+l ■ 

Case N=3: As established above, L = Ki2- Hence L* = -h=Ki2 and we quote 

v3 



from | |CS88[ , chapter 4.9 that 

eL'{q) = l + 756g^ + ... 

Case N=2: As established above, L = \f2E^. Hence L* — -^Eg and we quote 
from | |CS88[ , chapter 4.8 that 



OL'iq) = l + 2A0q2 + ... □ 



4.4. The Conclusion of the Proof 

So far we have established that 0l is a modular form of ro(iV) and have de- 
termined the leading coefficients of Ol and Ol*- We now turn to the right hand 
side of formula (1.25). For N = 2,3,5,7,11,23, let M = and define for 

r^O,...,N -I 
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Af-1 

M 



e(T) :=77(r)^^ |r?(7Vr)-^+EV',(r 

j=0 



(N-1 \ /N-1 

(Remember that we chose A* such that (A*)^ = mod 2Z.) 

Theorem 4.4. 9 is a modular form ofTo{N) of weight = ^^^"^ and 

character xn ■ For N = 2, 3, 5, 11, xn is trivial, for N = 7, 23, XAf (^("^) ,*j = (■^) ■ 
(Here, as in theorems 3.4 and 3.5, we implicitly understand * to be the branch as 
obtained when the group element is represented as a product of generators (T, 1) 
and (V/s,*) of formula (2.1).) 

Proof. Consider N = 7,23. ro(iV) is generated by T and the set of Vk = 
ST'^ST'^'S (formula (2.1)). Now from the results of chapter 2.2, 

Q|(T,i,^"^-'^)('^) 

(Af-1 
•)(A'T)-"l(T,l,-f , + T. ft(f)""l(T.l.-f , 

/ Af-1 

= e(r). 

Here we used NM + M = (mod 24). 
(4.12) 



AT-l 



V j=o 

Now, (T4,*,i^^) = ((5,+)(T^l)(5,+)(T*=',l)(5,+),^) actson,?(T)^^as 
multiplication by 

(4.13) exp((^ + ^ )NM) 

We now proceed to calculate the action of (Vfe,*,— ^) in the second factor 
of the right hand side of equation (4.12). This will have to be done case by case 
for all the summands. We adopt the following shorthand: ^ (f)2 means that the 
action of G takes (f>i to 4>2. The individual actions applied in every step have been 
calculated in chapter 2.2, in particular theorem 2.3. To simplify notation we work 
for M rather than —M. 
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/N 



e 



^(_fe_fe')MS^M 



For j ^ 0,k' we calculate 



_ g-5M^ ' ~^ 



For the last equality we note that (;^) = (^) = —{^) and that the Legendre 
symbol is multiplicative. Thus (^) ( -'-^;;+'''' ) ( -(-(-^•'+'')'+''')' ) = 

Similar calculations yield 



Wc combine formula (4.13) with the above four calculations to obtain that 

. (,5, +)(T', 1)(5, +),T'\ 1,(5, +), 

acts on Q as multiplication by ei-3N+5)A4TTi/4 (^^^ = (remember to revert to 

—M for M in the second factor!). Combining this with equation (4.11) we have 
proven the claimed modularity properties of 6 for A'' = 7, 23 for all generators and 
hence all elements of ro(A''). 

The proof for N = 3,5,11 is a simplification of the above argument as we 
use theorem 2.2 instead of theorem 2.3. For N = 2, consider the transformation 
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behaviour under {S, +){T^, 1){S, +) instead. This concludes the proof of theorem 
4.4. □ 

A comparison with the results of theorem 4.1 then proves 



Lemma 4.6. 9l and Q are both modular forms ofTo^N) of weight 12^^ with 
identical character. q 



Hence all that remains to be checked is whether the first coefficients of 
9l\(s + HM^zM) equal those of ©1(5 _|_ NM-u y The transformation under S follows 
from the results of chapter 2.2 

f-j\/]V)^9|(g^|^ iVM-M )(q) = 

(N-1 / ■ \ M 

It is a straightforward evaluation of the above formula to determine that the 
lowest positive power of q with non-zero coefiicient is ^^^^ for all A''. 

Theorem 4.5. 6iz,(g) = e(g). 



Proof. We recall that the corollary to theorem 2.1 stated that a modular form 
(j) of ro(A^) of weight k vanishes identically if the coefficients of the g-cxpansions 
of both (j) and 0|s vanish to order We will apply this theorem to (/>(g) = 
^l{q) — 0(5)- Note that it follows from lemma 4.6 above that this is a modular 
form of ro(A'') with character of order 2. Furthermore, we obtain k = 12^^. Thus 
we need to consider the exponents less than in the g-expansions of (/> and (j)\s- 
These are trivially zero for ^ itself. In order to calculate the leading coefiicients 
in the g-expansions of 0|(5_|_ = 0[(g_,__M) — Ol\(^s,+,-^) '^^ '^ote that, by the 

corollary to theorem 3.3, {—i)'^ \/N^ Ol\(^s,+,^) — ^l*- The leading coefiicients of 

9l- up to and including exponent have been determined in chapter 4.3. From 

those results we conclude that the coefficients of the g-expansion of up to 

are zero. □ 

To complete the proof of theorem 1.7 we have to verify formula (1.25) which 
can be rewritten as 

^L+A;(9) = e.(g). 
We begin by considering the sums 



j=0 j=0 m 

N-1 



Y (e^j c(m)g^ 



m j—0 

As J2j'=o^ e~^^^ = unless x = mod N it follows that 6,- has a g-expansion 
with exponents in Z — only. 
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Furthermore, we calculate for N = 7, 23, using p{r) = pnir, N) of theorem 4.3, 

r=0 

N-1 N-1 N-1 

Now P^) is the number of all possibilities to represent any residue modulo 

A'' as a sum of M squares (cf. equation (4.5)), hence it equals . And 



N-\ N-1 



1+ J2 P{r)e^'''^ = 1 + {N^-' - 1) + E (^"^"^ + (^) e''"'^ 

r=l 

Af-l AT-l 



r=0 r=l 

AT-l AT-l 

r=l r—1 

Hence we have shown that iov N = 7 and N = 23 

N-1 



r=0 

An analogous calculation shows that this formula is correct for A'' = 2,3,5,11 as 
well. The proof is a simplification of the argument above as the numbers p{r) are 
equal for all non-zero r. 
Furthermore, 

AT-l 

(-j\/jv)^ei(c. I A-Af-M ) - e = ^ p{r)er 

r=0 

From theorem 3.3 and chapter 4.2 (in particular theorem 4.2) we know that 

JV-l 

r=0 

where Ol+x* is the theta- function of the lattice L translated by an element A* G L* 

such that ^ = ^ mod Z. Now, if A G L, i(A; + A)^ = ^ + (A*, A) + ^ e 
Z — This shows that 0l+x^ has a g-expansion with exponents in Z — only, just 
as 9^. This proves that 9l+X' = ©r for all r and concludes the proof of theorem 
1.7. " □ 



CHAPTER 5 



The Real Simple Roots 



Let a be an automorphism of the Leech lattice A of order N and cycle shape 
l'^^ N^^ , as before. In this chapter we determine the real simple roots of the GKM 
Gn constructed from a. As the imaginary simple roots of Qn were explicitly de- 
scribed in theorem 1.6, this will therefore complete the explicit identification of all 
simple roots oiQw, and enable us to calculate all entries into the generalized Cartan 
matrix of Gn- We identify the set of real simple roots with a set TZ which consists 
of the fixed point lattice A'^ and some elements of its dual A'^*. We prove a number 
of results concerning the decomposition of space induced by the set TZ. This pro- 
gramme is a generalization of work by Borcherds. In |Bor92| the real simple roots 
of the monster Lie algebra are identified with the 24-dimensional Leech lattice. 
The holes of the Leech lattice, corresponding to the finite and affine subalgebras of 
the monster Lie algebra, are enumerated in | CS88 |, chapter 25. Returning to the 
GKMs Gn, the set TZ does not form a lattice though many of the properties are 
preserved. In particular, the decomposition of space will only produce holes which 
have finite and affine diagrams. We prove that they provide the complete classifi- 
cation of all finite and affine subalgebras of the GKM G n ■ The results of chapter 5 
will be used in chapter 6 to carry out the explicit decomposition of space into finite 
and affine holes. This in turn enables us to identify hyperbolic subalgebras of the 
GKM Gn and thus to obtain upper bounds for their root multiplicities. 

As identified in theorem 1.6, the real simple roots of the GKM Gn are the simple 
roots of its Weyl group. In section 5.1 we determine the set of simple roots of the 
Lorentzian lattice explicitly. We identify this set with the set TZ. Section 5.2 will 
show how subsets of TZ translate to Dynkin diagrams and which Dynkin diagrams 
can be expected. As a by-product, we will be able to give an explicit description of 
the generalized Cartan matrix of Gn- Section 5.3 establishes a number of results 
on the volumes of the holes corresponding to those Dynkin diagrams. Section 5.4 
looks into the symmetries and automorphisms of the holes of TZ. These will be used 
to establish relations between the hole decomposition of the Leech lattice and the 
hole decompositions of interest in this work. 



5.1. The Set of Real Simple Roots 

This section identifies the real simple roots of the GKM Gn associated with an 
automorphism a of the Leech lattice A of order N, as constructed in the theorem 
1.6. We consider all relevant orders TV = 2, 3, 5, 7, 11, 23. Let, as before. A"' 
denote the fixed point lattice, L = A'^ the corresponding Lorentzian lattice. 

Let 7rA<T : A ^ A°' and tt^ : A © IIi.i L he the respective projections. Formula 
(1.22) expressed the multiplicities of roots in terms of the trace of a on the root 
space Er (see section 1.5). Here r is an element of W"', the Weyl group of the fixed 
point lattice A"' © which was characterised in lemma 1.1. 
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By lemma 1.3 and 1.2a, the twisted Weyl group W"' is the full reflection group 
of L. Lemma 1.2b and 1.2c give an explicit description of the simple roots of L. 

Theorem 5.1. The (primitive) simple roots of the lattice L, and thus the 
(primitive) real simple roots of the GKM Qn, are the following: 

(5.1) (A, 1,^-1) for XeA^ 
and 

(5.2) (A,Ar,^-l) for XeNA^* such that N\{^-l). 

The former simple roots have height 1 and norm 2 whereas the latter have height 
N and norm 2N. 

Proof. We begin by determining all roots of L. As introduced in the context 
of lemma 1.2, we only consider primitive roots. Suppose, r € 1/ is a (primitive) root 
of L. By definition, the norm of r must be greater than 0. Because r is primitive, 
if n G Z, |n| > 1, then ^ is not in L. We recall that the dual lattice of L satisfies 
L* = {K")* © For any v £ L, the inner product {r,v) is integer, hence the 

greatest common divisor d = (r, L) of the absolute values of all inner products (r, v), 
V G L, is defined. It follows that ^ e L*. Lemma 4.1 implies that NL* C L. As N 
is prime the only possible cases are d = 1 or d = N. If d = (r, L) = 1 then must 
necessarily be equal to 1 or 2 because 2{r,v)/{r,r) must be integer for all v G L. 
As L is even, only the case = 2 occurs. Hence, this case yields precisely all r <E L 
of norm 2 as roots. The remaining case, d = {r,L) = N, implies that r"^ = N or 
r^ = 2N. For N ^ 2, the case = A'' is impossible because N is odd and L even. 
We conclude that r € NL* will be a primitive root if and only if = 2A''. This 
determines the primitive roots of L. 

We now turn to the identification of the simple roots of L, which, at the same 
time, are the real simple roots of Gn following theorem 1.6. We use the description 
of the simple roots of in lemma 1.2 to derive formulas (5.1) and (5.2). Theorem 
1.6 established that the Weyl vector p has the coordinates (0, 0, 1). Let r = (A, h, n) 
be a (primitive) simple root of W ^ so of norm 2 or norm 2N by the first part of the 
proof. If N does not divide h then r ^ NL* , hence (r, L) = \. As seen in the first 
part of this proof this implies = 2, and hence lemma 1.2b requires (r, p) = — 1 
which is h = 1. From = 2 we conclude that r is of the type of formula (5.1). The 
root r in formula (5.1) furthermore satisfies the scaling condition of lemma 1.2c so 
that r is the primitive simple root identified in lemma 1.2. 

If, on the other hand A^ docs divide /i, then h = Nh' and lemma 1.2b implies 
that ~{p,r) = Nh' divides {r,v) for all v G L; hence we conclude that r e h'NL*, 
and e NL* c L. Thus r will only be primitive ifh' = 1. As seen in the first part 
of this proof, this implies = 2A'. Hence r is of the type of formula (5.2). The 
root r in formula (5.2) furthermore satisfies the scaling condition of lemma 1.2c so 
that r is the primitive simple root identified in lemma 1.2. □ 

If (A, A", A^*) is a real simple root of norm 2A' then (■^, 1, *) is an element of 
L* that defines the same refiection. In particular, is an element of (A*^)* of 
norm mod 2Z. Conversely, theorem 5.1 shows that any such clement of the dual 
represents a real simple root of the GKM Qn. Let us introduce the notation TZduai 
for those elements of the dual lattice which represent real simple roots of norm 
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2N . Further, we will write TZfix for the fixed point lattice when it is understood 
to represent the real simple roots of norm 2 of the GKM Qm ■ The totality of all 
real simple roots of the GKM Qn will then be represented by the set TZ which is 
the disjoint union of TZfix and TZdu 



We have the following result of [ BorOOa ] about the geometry of the fixed point 
lattice: 

Theorem 5.2. The fixed point lattice IV can he covered by spheres of radius 
\f2 centered at the elements of TZfix plus spheres of radius centered at the 

elements ofTZduai- 



Proof. This is a direct consequence of theorem 3.1 of |Bor90a|. The afhne 



space described there can be identified with the fixed point lattices considered in 
this work. Then, the radius of the spheres is generally identified as -^/Of^y)^' '-' 

Remark. We can understand this result as follows. We recall from chapter 4 
that the shortest non-zero vectors A* — tt(^a^)± (A) of A"^^ have norm 2 — This 
implies tt\<, (A) is an element of TZduai - Hence, if we intersect a covering of the Leech 
lattice (spheres of radius ^/2) with the span of A°' we obtain precisely the kind of 
covering as described in theorem 5.2. 

We furthermore observe that - even though the set of real simple roots TZ is not 
a lattice - the group of automorphisms of this set is the group of automorphisms of 
the fixed point lattice TZfix- 



5.2. Holes and Dynkin Diagrams 

Given a GKM with (symmetric) Cartan matrix C and simple roots {ri}, we 
may define a diagonal matrix D = (dij) such that the diagonal elements of the 
matrix A = DC are either equal to 2, or less or equal zero. We may now associate 
a Dynkin diagram with any subset of simple roots which consists entirely of real 



simple roots. We use the conventions for Dynkin diagrams laid out in [Wan91|, 
because in chapter 6 we will relate the results of this work to the classifications in 
|Wan9l| . 



We will use the following conventions: The Dynkin diagram of a subalgebra 
contains one node for every real simple root. Suppose the submatrix of the matrix 
A, corresponding to the real simple roots and rj is of form {^_."'2^) then their 
respective nodes in the Dynkin diagram will be linked by max(|aij|, \aji\) bonds 
with additional arrows pointing towards i if |ay| > 1. Note that this notation does 
contain all information about the Cartan matrix in the cases of the finite, affine, 
and hyperbolic diagrams we will use it for. In particular, (_^2^^) corresponds to 
a double bond with arrows pointing to both sides. (^2~2^) corresponds to a single 
bond. Note further that the conventions imply that one-sided arrows point toward 
the shorter root should there be one. 

The Dynkin diagram has so far been associated to the real simple roots of 
the GKM Qn. We will now establish how to associate it directly to subsets of 
TZ ~ TZfix Li TZduai- There are three cases. 
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Ccise A: Both real simple roots are of norm 2. Then n = (A, 1, ^ — l) and 
= [fJ', 1, — !)• They correspond to A, /U e TZfix and 

(5.3a) r,.r2=X-i^-i^-l)~{^-l)=2-^{X-„r 

Thus the two nodes will be unlinked if (A — /i)^ = 4, they will be linked by one 
bond if (A — /x)^ = 6, they will be linked by a double bond with arrows on both 
sides if (A — n)^ = 8. Other types of bond will not arise in this work. 

Ccise B: Both real simple roots are of norm 27V. Then n = (A, N,^-l) 
and r2 = (/x, N,^ -l). They correspond to e Uduai and 

(5.3b) riT2=A.M-(y-iV)-(^-iV) 

= 2Ar--(A-M)^ = -[--(--^) 

Thus the two nodes will be unUnked if (;^ — ;^)^ = they will be Unked by one 
bond if (-^ — -^)^ = jj, they will be linked by a double bond with arrows on both 
sides if (-^ — ■^)^ — Other types of bond will not arise in this work. 

Case C: The real simple root ri is of norm 2, r2 is of norm 2N. Then ri = 

(A, 1,^-1) and r2 = (/u, N,^ - l). They correspond to A e Tlfix, jj e 'R-duai 
and 

\2 2 AT 

(5.3c) r,.r2 = X-n-N{--l)-{^-l) = N + l--{X-^r. 

Thus the two nodes will be unlinked if (A — ■^)^ = 2 + that is, if they are of 
minimal distance; they will be linked by N bonds with an arrow pointing toward 

ri if (A — jj)"^ = 4 + j^. Note that for a fixed clement of the dual this exactly 
describes the set of lattice elements closest but one to jj . Other types of bond will 
not arise in this work. 

The above calculations complete, as a corollary, the explicit specification of the 
elements of the generalized Cartan matrices for the GKMs constructed in this work. 

Theorem 5.3. The generalized Cartan matrix Cjv of the GKM Gj^ has been 
completely and explicitly determined. 

Proof. The set of imaginary simple roots has been identified in theorem 1.6, 
the set of real simple roots in theorem 5.1. The products of any two real simple 
roots have been determined in equations (5.3). The remaining products involving 
imaginary simple roots, that is positive multiples np, mp of the Weyl vector p are 
as follows; 

{np, mp) = 0, 

/ A^ \ 

(5.4) (rip,{X,l,^)) =-n, 

(«P,(A,A^,^^))=-n7V. 

This completes the explicit specification of the generalized Cartan matrix. □ 
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We need to recall some facts about Lie algebras from [Kac9C]. Given a system 
of n simple roots ai, a„ of a Lie algebra with Cartan matrix C — {a,ij), there 
is a system of co-roots a^, defined by 

(5.5) {a{,aJ)=a^j (i, j = 1, . . . ,n) 

We define a scalar product in the space of roots [a] and the space of co-roots, [a^]- 
We can then find an isomorphism v : [a^] —^ [a] such that 

2 

(5.6) I'ia'^) = -a,. 

[at, ai) 

We may form a Cartan matrix from a subset of the real simple roots of the GKM 
Qn- In that situation, the above works out as follows: af = 2 imphes (a^)^ = 2, 
and af = 2N implies (a^)^ = We further recall that for any simple finite- 
dimensional Lie algebra there exists a Weyl vector. This is a vector p of the root 
space satisfying 

(5.7a) {p,ai) — ^'^'^'^'■^ for all i. 

Unlike section 1.1.3, in this case, we use the standard sign convention for the Weyl 
vector to simplify comparison with the statements of |Kac90|. If we define :— 
p then 

2 ^^ 2 



(5.7b) (p,a, )==(i^ p,u (— Qfi) 1 = — (p, = 1. 

\ J 

We can express p^ as an integer linear combination of the simple co-roots: = 
E,<ar. Then 

(5.8) p2=p-^=5:<(p\ar) = E<- 

i i 

For any simple Lie algebra of affine type there exists a vector 5 such that 
(5.9a) 5"^ = ((5, a,) = for aU i. 

5 can be expressed as a linear combination of the simple roots: 5 = 5 is 

then characterised by the condition that the rii are integer with greatest common 
divisor 1. Recall from section 1.1.2 that, in the framework of | Jur96[| , we consider 
roots in a root space which is extended by degree derivations. The vector 5 will 
then have non-zero components in the degree derivations (which are part of the 
null space of the bilinear form). Similarly, there exists a vector = n][a^ such 
that 

(5.9b) 6"'^ = {^''.a'O = for aU i, 

uniquely determined by the condition that the are integer with greatest common 
divisor 1. If ^ = ^ njaj let d denote the greatest common divisor of the integers 

2 

TLi^. We find that 

(5.10) 5-^Y.<a-,^\.-H, 
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We finally recall the definition of the Coxeter number and the dual Coxeter number 
of an afiine Lie algebra: 



Next, we need to turn to semisimple finite and afFinc Lie algebras, that is, direct 
sums of simple Lie algebras. The roots of different components are mutually or- 
thogonal. Hence, we find that there exist p (or 8 respectively) as a direct sum of 
the p (or 5) of the components. 

We are now in the position to generalize the notion of a hole in a lattice to an 
analogue in the set TZ representing the real simple roots of the GKM Qn ■ For any 
point in the 2M-dimensional space spanned by the fixed point lattice we define a 
radius function as follows 



(5.12) xn{x) = min{ V(a; - vf, \ Ux - + 2 - — \ v e Ufi^, d G Uduai}- 



The proof of lemma 5.1 below will clarify the motivation behind this definition 

for a generalized radius. Because of theorem 5.2. the radius fimction is bounded 
above by ^/2. A local maximum of the radius function can then be considered 
as a generalized hole of the set of real simple roots TZ. The value of the radius 
function will be called the generalized radius of the hole. As the dimension of space 
is 2M there will be at least 2M + 1 real simple roots closest (in the sense of the 
radius function) to a generalized hole. The real simple roots which are closest in 
the sense of the radius function, shall be referred to as the generalized vertices of 
the generalized hole. They will include both elements of TZfix and TZduai- They 
form a Dynkin diagram in the way described above, corresponding to a subalgebra 
of the GKM Gn- 

For the remainder of this work let us introduce some notational conventions 
with respect to generalized holes. Let H denote the set of generalized vertices of 
such a hole, let (H) denote the convex hull of the vertices, that is the 'hole' in 
its spatial meaning, and let A (if) denote the Dynkin diagram associated to the 
hole. We will drop the brackets () occasionally when there is no need to distinguish 
between a hole and its set of vertices. 

Lemma 5.1. Suppose that we are given a subset H of TZ such that A(iJ) is of 
finite, or affine, type. Then there exists a (generalized) centre c of (generalized) 
radius vq from all elements of H. c lies within the convex hull {H). 

b) Suppose that H is as in a). Then there exists no element of TZ which has 
smaller (generalized) distance from c than tq. 

c) Now suppose that A{H) is of finite type and that H contains n elements 
where n < 2M (2M is the dimension of the fixed point lattice). For any (general- 
ized) radius r, such thatro < r < \pl, there exists a {2M — n)- dimensional manifold 
of points which have (generalized) radius r from all elements of H. 

Proof, a) For any Cartan matrix of finite or afhne type we can choose a 
system of corresponding roots (or co-roots) in Euclidean space. Now in TZ we 
consider vectors of norm 2 and norm j^. Thus we represent these by the relevant 
co-roots = (Aj, 1, *), rather than the roots. Let us first consider the affine case. 
We begin by an explicit identification of the centre c. Let , be defined as in 



(5.11) 
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equations (5.10), (5.11). Prom (5.9) we obtain 5"^ = {Y.in( Xi,h^ Let 
(5.13a) ''=T.%^^ 

i 

Then 



Hence, c is the generalized centre of a hole of generalized radius ro = V2. It is well 
known that the solutions 5'^ have coefficients all greater zero which by definition is 
equivalent to the claim that c lies within the convex hull. 

In the case of finite Lie algebras let p, be defined as in equation (5.7). The 

V 

multiple ^ is contained within the affine span of the co-roots because of (5.8). 
Then 

y p2 ' i ' pi p2 ^ V i ) V i I p2 • 

Let US now define 

(5.13b) c= 

Then ^ = (c,l,*) and thus (^ - r)f = (c- Aj,0,*)2 = {c-\jf. Hence we 
have identified c as the generalized centre in terms of elements of TZ and justified 
the definition of the generalized radius function. This also provides the minimal 
radius ro = 2 — ^ . A case by case analysis shows that the coefficients obtained for 
the centre again are all greater than zero and thus c is contained in the convex hull 
{H). 

b) We begin by considering the following special case: Suppose that the finite 
diagram H does contain a root of norm 2, say ri. We will prove that no element p 
of TZfix lies closer to c than tq. 

Without loss of generality wc can assume that the clement p is the origin in 
TZ asTZ \s translation invariant. Thus we consider the following setup: the finite- 
dimensional Lie algebra is represented by elements of TZfix of norms 4, 6, 8,... and 
elements of TZduai of norms 2 + 4 + jf,--- We need to show that > (c — Ai)^. 
This is equivalent to (2c — Ai, Ai) > 0. We return to the equation = '}^n(r^ 

and recall that r]( = (A^, 1, x{). If {r][f = 2, then = ^ - 1 > 1. If {r](Y = j^, 

then Xi = ^^-jj> 2±i - = 1. Now (p^, r^) = 1 = This implies 

(2^-'-r,rr)=2(-i-l). 

Rewriting this in terms of the elements Aj of 1Z we obtain: 

^_2-^/o„ ^ . oE^nVx. ,A? ^ A? 



((2c-A„l,2^i!|^-(|-l)),(A„l,| 



(2c-Ai,Ai)-2%!^ 



(2c-Ai,Ai) = A_2 + 2^i^> A>0, 
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as every individual Xj was greater or equal 1. This concludes the argument for the 
special case. There remain the following cases for the finite types: 1) p G T^fix but 
all roots of the finite diagram have norm 2N. 2) p G TZduai- It suffices to remark 
for these cases that the proof works along exactly the same lines of argument. We 
only have to adjust the norms of the vectors involved. For the afHne cases we use 
the vector of equation (5.9) instead of . 

c) We now identify the manifold of centres for radius greater than the minimal 
radius tq. Suppose that H = Hf U with Hf C TZjix and Hd C TZduai- Suppose 
further that \Hf\ = Uf and \Hd\ = Ud- Because the Uf vectors are affinely indepen- 
dent there exists an afiine centre c/ for them. We consider the space F-^ orthogonal 
to the affine span of the n j vectors, passing through c / . has 2M — n/ + 1 dimen- 
sions. Equally, because the Ud dual vectors are afBnely independent there exists an 
affine centre Cd for them. We consider the space orthogonal to the affine span 
of the dual vectors, passing through c^. has 2M — + 1 dimensions. 

The set H was assumed to be affinely independent. Hence the affine spaces 
F-^ and D-^ intersect in a (2M — n + 2)-dimensional affine space. Every point of 
this space has a certain radius rf which is the distance to any clement of and 
a certain radius which is the distance to any element of Hd- In turn, all points 
of this space of a fixed r/ form a sphere in the affine space centered at c/, which is 
the projection of c/. Note that there is a minimal ro/ < \/2 which corresponds to 
the distance of c/ from the elements of Hf. Similarly, the points of the intersection 
space of distance from the elements of Hd form spheres centered at some Cd- 

Again, there exists a minimal rod < y jf- Clearly, Cdi^Cf. 



An element of the 2Af-dimensional space spanned by the fixed point lattice 



elements of Hd if and only if it lies in the intersection of the corresponding spheres 



Two spheres in space of different radius and centre can intersect in the following 
ways: 

a) the volumes enclosed by the spheres are disjoint. 

/?) the volumes enclosed by the spheres intersect in one point. 

7) the intersection is a proper subset of both volumes enclosed, but 
does not consist of a single point. It then is a (2M — n)-dimensional 
manifold. 

S) the volumes enclosed lie within one another. 

Clearly, for the centre c and radius rg, situation /?) holds. For radius \/2 
situation 7) must hold because for instance the elements of the dual lattice and 
those of the lattice itself have distance greater than 2. Hence we cannot already 
be in situation S). From this it follows that situation 7) is attained for any radius 
between ro and \f2. Thus the intersection provides the manifold as claimed for any 
radius between the two bounds given in the claim. □ 

The question whether a hole has covering radius less or equal to \f2 is significant 
because of 




will have distance r from all elements of Hf and distance 





62 



5. THE REAL SIMPLE ROOTS 



Theorem 5.4. The Dynkin diagram of a generalized hole is of finite type if 
and only if the hole has generalized radius less than y/2. The Dynkin diagram is of 
affine type if and only if the hole has generalized radius equal to \f2. 

Proof. The argument is a straightforward generahzation of the arguments 



used in chapter 23 of |CS88]. It is well known (see e.g. |Kac90|, chapter 4) that 
an indecomposable Cartan matrix is of finite type if and only if all its principal 
minors are positive definite. Also, an indecomposable Cartan matrix is of affine 
type if and only if it has determinant and all its proper principal minors are 
positive definite. We can rephrase this as follows: For any Cartan matrix of finite 
or affine type, and only for these, we can choose a co-root system corresponding to 
the Cartan matrix, in Euclidean space. Then the Cartan matrix is of finite type if 
and only if the co-roots are linearly independent. Then the origin will not lie within 
the affine span of the simple roots. The origin is, however a point at (generalized) 
radius \f2 from all simple roots. Thus the (generalized) centre of the affine span 
has radius less than \/2. This proves the claim for the finite case. The argument for 
the affine case is similar, using the existence of the vector of equation (5.9). □ 

We observe, as a corollary of theorem 5.4, that the hole diagrams only contain 
bonds as described in the first part of section 5.2. In particular, for > 5, the 
elements of Ttjix and those of Tl-duai will form disjoint components of the diagram 
of a hole because, if A G A"' and in the dual are both vertices of a generalized 
hole, then 

We now use lemma 5.1 to prove that the set of finite and affine subalgebras 
identified by theorem 5.4 is in fact the complete classification of all finite and affine 
subalgebras contained in the GKM Qj^. Thus the task of identifying subalgebras 
will be reduced to a classification of generalized holes. 

Theorem 5.5. Suppose there is given a subset H of TZ such that the Dynkin 
diagram A{H) is of either finite or affine type. Then there exists a generalized hole 
K inTZ such that H <Z K . 

Proof. Given a set H of finite, or affine, type, then by lemma 5.1 we identify 
its (generalized) centre c and radius tq. We prove the theorem by induction on the 
dimension of the affine span of H. Suppose the radius rg of H equals \/2. Then 
there are no points in the set TZ closer to c by lemma 5.1b. Let H' be the collection 
of all points at (generalized) distance \/2 from c. Then the affine span of H' must 
be the total space because is the generalized covering radius of the set TZ. Thus 
c is the centre of a hole and we have detected the diagram A(iJ) as part of its 
diagram. 

Now suppose H has radius rg < If the dimension of the affine span of H 
is less than 2M we consider the manifold Ai{r) of points at (generalized) distance 
r > ro from each point of H . Again, by lemma 5.1b there are no elements of TZ 
closer to c than distance rp. Hence there will be a minimal ri > rg such that for 
some ci € A^(ri) there is a further point of TZ at that same distance from ci. (That 
such an ri exists follows from the fact that there exists a generalized covering radius 
to the lattice. Hence ri is bounded from above by \/2.) We then collect all points 
at that generalized distance ri from ci to form the set Hi. Now either ri ~ V2- 
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In this case we are done (see above). Or, ri < \/2- This imphes that the extended 
set of simple roots still is of finite type. If the dimension of the affine span of Hi 
equals 2M, we are done. Else, the assumptions of lemma 5.1 are satisfied. Thus 
the theorem follows by induction. □ 

We conclude this section with the observation that any affine component deter- 
mines the generalized centre of a hole and hence the complete hole. On the other 
hand, finite components can be part of several holes. 

5.3. The Volume Formula 

This section establishes that the generalized holes partition the vector spaces 
spanned by the real simple roots TZ of the GKM and calculates the volumes 
of all finite and affine holes which will occur in the decomposition. In chapter 6 
we will then carry out the explicit decomposition of space for all relevant N. We 
will have a check of the decomposition because the sum of the volumes of the holes 
found in a fundamental domain must equal the total volume of this fundamental 
domain. 

We begin by establishing that the holes as described in sections 5.1 and 5.2 
actually partition space in the following sense. 

Lemma 5.2. We consider generalized holes as defined in sections 5.1 and 5.2. 
If two such holes intersect they do so in a common face, the convex hull of at most 
2M points, where 2M is the dimension of space. Every point of space lies either 
within .such a face or within the interior of a unique (generalized) hole. 

Proof. The first claim is straightforward. For the second, it remains to 
show the following: Suppose we are given a generalized hole H and a {2M — 1)- 
dimensional face F of it. Claim: If we pass through the interior of F we will enter 
the interior of another generalized hole. 

By lemma 5.1 we know that F has a generalized centre c, generalized radius 
ro, and that there exists a 1-dimensional manifold M of points which have equal 
generalized distance to all points spanning F. For the points x G A4, let rp{x) 
be the generalized distance x to the points spanning F, and let rfi-p(x) be the 
minimal generalized distance of x to any point oiTZ — F. Here we always use the 
minimal distance function as defined in formula (5.12) of section 5.2. Then, by 
lemma 5.1, the set 

M{r) = {x G M I rF{x)=r} 

is non empty for ro < r < V2- The manifold M is symmetric with respect to the 
hyperplane spanned by F. Hence the set A^'(r) = Al(r) — {H) is non-empty for 
ro <r < ^/2. Fr om lemma 5.1b we know that ri?(x) < rfi-p{x) for x G Al(ro). 
That means that no point of TZ is closer or equally close to the generalized centre 
of F than those spanning F. On the other hand r-ji{x) < \/2 for all x. Hence there 
certainly will be points p G TZ, p ^ F closer or equally close to any x G A4{\/2). 
Hence there will be a minimal ri, r^ < ri < \/2 such that there exists a point 
X e M'(r\) with r-n^p(x) = rp(x) = r\. That implies that x is the centre of a 
generalized hole of generalized radius r\ and concludes the proof. □ 



We consider the fixed point lattice A'^ among the roots TZ. We define a funda- 
mental region of A'^ as in, e.g., [CS88|. Let Aut(A'^) denote the group of automor- 
phisms of the fixed point lattice fixing the origin. Let Aut(iJ) denote the group of 
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automorphisms fixing a generalized hole H. Note that, for every H, Aut(_ff) can 
be identified with a subgroup of Aut(A'^) using a unique translation. 

As a corollary to lemma 5.2 we obtain a volume formula for the fundamental 
volume V . 

Theorem 5.6. 

YO\{H) 



vol(iJ) = |Aut(A-)| 



\knt{H)\ 

holes H orbits of holes 

Proof. Consider all the holes H within a fundamental region which are equiv- 
alent under Aut(A'^). Their number is the order of Aut(A'^) divided by the number 
of automorphisms that map H to itself. Lemma 5.2 shows that the total volume V 
will be accounted for. □ 

The theory which we developed so far enables us to derive a result concerning 
the covering radii of the fixed point lattices which provides an interesting insight 
into the relations between the fixed point lattices A"' and the Leech lattice, even 
though we will not use it in the remainder of this work. 

Theorem 5.7. The covering radius of is ^2 + j^. 

Proof. We begin with the cases N — 2 and iV = 3. Here it is well known that 



the covering radius is as claimed, see, e.g., |CS88], chapter 4. 

We can now restrict ourselves to the remaining cases N ~ 5,7,11,23. It is 
straightforward to see that the covering radius of the fixed point lattice must be 



greater or equal to i /2 + 4- because the elements of TZduai have distance greater or 



equal y 2 + from every element of A"'. (See, e.g. equations (5.3).) It remains to 

show that space is covered by spheres of radius y^2 + centered at the elements 
of A*^. We have established in theorem 5.6 that space is decomposed into convex 
holes which correspond to finite or affinc subalgebras oi Gn- Hence it suffices to 
prove that all holes, which occur in the decomposition, are covered by the above 
spheres. 

Let H be the set of vertices of a such a hole, of finite or affine type. Let 
Hf = H OTZfix, and Hd = H D TZduai- As A{H) is of finite or affine type we can 
represent the elements of Hf by vectors Vi of norm 2, and the elements of Hd by 
vectors Wj of norm in Euclidean space. Now in the cases N = 5, 7, 11, 23 there 
exist no finite or affine Lie algebras with bonds between the long and the short 
roots. This implies that all the Vi are orthogonal to all the Wj. 

We now consider the convex hull C of the points 0, Vi, Wj . (If the original A(i?) 
was of finite type this is a simplex, one face of which is the original hole (H). If A (if) 
was of affine type this is the original hole {H).) Let the span of the Vi be denoted V. 

We show that C is covered by spheres B{vi, \ 2 + -^), centered at the Vi. We begin 



by observing that every Wj is contained in every sphere B{vi, \ 2 -\- jr). Because C 



N ' 

is convex, no point of C has a distance from V which is greater than ^ ^ , which 
is the distance from V of the vertices Wj . Because of the mutual orthogonality of 
the Vi and the Wj it follows that the projection into V takes every point of C into 

C r\V . The spheres B{vi^ \ 2 + -^) contain multi-dimensional cylinders as follows: 
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a sphere of radius \/2 in the intersection with V times a sphere of radius y 
in the orthogonal dimensions. It follows that C will certainly be covered by the 
spheres B(vi^ ^2 + j^) if C n is covered by spheres B{vi, V2). This however is 
true because the Vi represent a Lie algebra of finite or affine type. □ 

Remark. The same argument can also be used to identify the covering radius 
in the cases N = 2 and = 3. The only additional requirement would be to check 
the diagrams of type b, c, f (finite and afhne) case by case as to whether the convex 
hull of its vertices is covered by spheres centered at the roots of norm 2. Note that 
by the above theorem we have related the covering radius of the Leech lattice A to 
the radii of the fixed point lattices A'^. Note furthermore that we have established 
that the deep holes of A'^ are precisely the elements of Ti-duai- 

The remainder of this section identifies the volumes of the various finite and 
affine holes that form the partition of space. Some, though not all of the formulas 



have been documented in |CS88|, chapter 25. None of the results which will follow 
in the remainder of this section 5.3 are original, however I do not know of any 
reference which states or proves them. 

We calculate the volumes of the convex hulls of the finite and affine Dynkin 
diagrams obtained in the decomposition of the root-space TZ of the GKM Qm- We 
consider a finite Dynkin diagram, A. The construction of the set TZ implies that A 
can be realized by co-roots of lengths 2 and with the origin not contained in 
the convex hull of the vectors r^. We want to determine the (n — l)-dimensional 
volume w(A) of the convex hull of the roots . The volume V of the n-simplex of 
the points 0, r^J^, . . . , can be calculated in two ways: First, 



Now, for any matrix X, (detAr)(detAr ) = dei{XX ). If X consists of columns Xj 
then the entries of XX^ will be the inner products {xi,Xj). In the case at hand, 
this is the Cartan matrix of the Lie algebra A symmetrized such that the diagonal 
elements are either 2 or Let this matrix be denoted DC. Here, Z3 is a diagonal 
matrix and C is the Cartan matrix of A. We conclude that V — :^y/det{DC). 

Second, V can be calculated as the product of the (n — l)-dimensional volume 
w(A) and the height of the origin above the affine hyperplane spanned by the 
r^, divided by the dimension n. The height vector h stands orthogonal on the 
hyperplane, that is {h, h — r^) = for all i. It follows that the direction of h is 
characterised by the fact that (/i, r^) is constant for all i. We recall that there exists 
a unique such direction, given by the Weyl vector of equation (5.7). Hence h is 
a multiple of . We further know that h is part of the affine hyperplane of the 
Ti. Using equation (5.8) we conclude that h — It follows that V = ^\h\v(lS) = 

1 "(A) 



Hence 



(5.14) v{/X) ^ nyff^ V = — — vVv/dct(DC). 



1 



From this we can furthermore derive the following rules for the volumes of diagrams 
made up from disjoint components Ai and A2. Disjoint components imply that 
the affine spans are orthogonal. Hence the norms of the Weyl vectors are additive 
and the determinants are multiplicative. 
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We now consider an indecomposable afRne diagram, A„. Again, it is repre- 
sented by co-roots of norm 2 and j^. We consider the vector 6^ — J2i''^i^i 
as constructed in equation (5.9). We label the co-roots , i — 0, . . . ,n such that 
Uq — 1. (See [Kac90|, chapter 4 for the fact that this is possible for all afRne 



subalgebras.) 

The convex hull of A is a simplex as there are n + 1 points spanning an n- 
dimensional space. We understand the to be vectors written as columns. Then 
the volume can be calculated as 

n\v{A) = det(rr - r^r^, -r^,,...y^- r^) 

_ /I ... 

-^"'1,0 r-~r- r--r- ... ^ 

(515) -detf^ ... 

V'O '1 '0 '2 '0 • • ■ 'n 'C 

_ / 1 1 1 ... l \ .fh"" 1 1 ... 1 

" W ... rvj-^^v ,v ,v ,v 

= /i^det(ri',r^,...,r^) = /i^Vdet(i?C) 

Here, the last step is precisely as in the case of finite diagrams, because the 
co-roots , . . . , correspond to a finite diagram. Note that the choice of the 
co-root labelled is not always unique, the only condition we used was that rig = 
1 in the construction of 5^. Still, the result is the same for any such co-root. 
For disconnected Dynkin diagrams we observe that orthogonality implies that the 
volumes are multiplicative: (ni + ri2)!'y(Ai A2) = ni!u(Ai)n2!w(A2). 

We note that the simply laced diagrams do appear within the decomposition 
in two varieties. Let A„ denote an indecomposable simply laced diagram of rank n 
such that all roots have norm 2. Here, A„ may be either finite or afRne. Then 7VA„ 
shall denote the diagram of type A„ such that all roots have norm 2N. For the 
symmetrized Cartan matrices of the co-roots we obtain: DC{NAn) — ^DC{An)- 
This proves the following formulas for the determinant and the norm of the Weyl 
vector: 

(5.16) det(AfA„) = -i-det(A„) 

iV " 



(5.17) p^iNAn)=Np^iAn). 

This concludes the results needed to calculate the volumes of the generalized 
holes. The actual values of determinant and norm of the Weyl vector are well 
documented in the literature. For convenience, we reproduce in table 5.1 the values 
for those Rnite and affine Lie algebras that will occur in chapter 6. 

We conclude this section with a remark which will provide a further useful 
check for forthcoming calculations. If all the co-ordinates of the vertices of a hole 
are rational so will be the volume. Thus the terms under the square root will have to 
prove to be squares. Similarly, if M co-ordinates are rational, and M co-ordinates 

are elements of VNQ then the volume will be element of ^/N Q. 
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1 


Cn 


n + 1 


1 


dn 
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4 
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18 
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1 


Es 


30 


1 


/4 


78 


1 

4 


Fi 


9 


1 

4 


52 


14 


1 

3 


G2 

4(2) 
^2n-l 

4^ 


4 

2n 
2n 
12 
6 


1 
3 

1 

22-n 

1 
4 

1 
3 



Table 5.1. Parameters of finite and affine Lie algebras 



5.4. The Automorphism Groups 

The aim of chapter 6 will be to provide a complete account of the types of 
generalized holes contained in the root system TZ. Two holes will only be accepted 
as equivalent if there exists an automorphism of the fixed point lattice taking one to 
the other. Now it turns out that in higher dimensions the Dynkin diagram formed 
by the vertices of a hole does not necessarily determine the equivalence class of the 



hole uniquely. There are examples of such holes in the Leech lattice (see [CS88|, 
chapter 25). As we will see in chapter 6, the set 7?, for iV = 3 does provide further 
examples. Hence, there is no hope to prove a general result which lifts holes in the 
set TZ to holes in A accounting for equivalence. Therefore, this section will describe 
a number of results and techniques which will enable us to assert the equivalence 
of holes on a case by case basis in chapter 6. 

We will need the following description of the faces of generalized holes: 

Lemma 5.3. Let H be a subset of TZ such that A(iJ) is of finite type. Then 
(H) has 2M + 1 faces, obtained by removing any one of its vertices. Let H be a 
subset of TZ .such that A.{H) is of affine type. Any face of (7?) is the convex hull 
of a .subset of its vertices, chosen to the following rule: Remove one vertex (simple 
root) of every component of the Dynkin diagram. 

Remark. Note that the vertices of a face of a hole of affine type form a Dynkin 
diagram of finite type. 



Proof. For the finite type, we remember that the generalized hole is a simplex. 
For the affine type we observe that we must delete at least one vertex of every 
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component because otherwise the centre of the whole generahzed hole would be 
contained in the span. On the other hand, that leaves at most 2M vertices. They 
will all be needed to form the face in a 2M-dimensional space. □ 

The purpose of this section is to identify the relations between holes in the 



(5.18) 7rA-(A) = A* and (A- TTA^A)^ 



Leech lattice (as listed in [CS88], chapter 25) and generalized holes in the sets TZ. 
We consider the set of vertices _ff of a generalized hole (H) in the decomposition 
of TZ. As before, write H as the disjoint union Hf U Hd with Hf C TZfix and 
Hd C TZduai- Now consider A* € Hd- Theorem 3.1 shows that the elements of the 
dual lattice are images under the projection tta" onto the space spanned by the 
fixed point lattice. We consider the set of preimages 7r^„(A*). If A S A such that 
TT\,7X = A* then (A — 7rA<TA)^ > 2 — because (A*)^ = jj mod 2Z. We consider 

a dual vector of type A* = ^(4, 0(*^-i), O'^), 0^) in the notation of 

chapter 4.1. It has norm 2 + Any A G A such that 

2 

thus has norm 4. Obviously there are precisely N such, namely 

(5.19) A„ = (4,0(^'^-i\0"-\4,0(^-"',0W,...,0W), 

for 71 = 1, . . . , A^. For a general dual vector A* we recall from chapter 4.4 (see proof 
of theorem 4.2) that any two vectors of norm modulo 2Z are equivalent modulo 
A"^ . Hence the preimages at distance 2 — of any element of TZduai form a cycle of 
A^ points, and Y^^=o = ^* ■ Note that this docs not imply that all roots of 

norm 2 + are equivalent under the automorphism group of A"'. This is, in fact, 
not true in the cases A^ — 11, 7, 5. 

For the generalized hole (H) with set of vertices H and generalized centre c we 
now consider the following set: 

(5.20) i?A = {A e A I A e or A satisfies (5.18) for \* e H } 

From the construction of c in formula (5.13) it is immediate that c has distance 
less or equal to 2 from all points of Ha- Theorem 5.4 holds for the Leech lattice 



(see [CS88|, chapter 25). Hence the points of H\ are part of either a finite, or an 
affine, diagram of the Leech lattice. 

Suppose that A{H) was of finite type in A'^ such that \Hf\ ~ n and (conse- 
quently) \Hd\ = 2M+l~n. First, assume that n < M. The set Ha then will contain 
n + A^x (2M+l-n) = MN + n + MN-nN + N = 24- M + n + {M -n)N + N = 
24 + {N - 1){M - n) + N > 24 + N elements. Hence we have found a hole of A 
of more than 25 vertices and a radius strictly smaller than \/2- This contradicts 
the fact that the roots of finite diagrams are affinely independent. Next, assume 
that n = M + 1. Then Ha contains M +1 + NM = M{N + 1) + 1 = 25 vertices. 
Thus this describes a complete finite hole Ha of the Leech lattice which thus is 
unique. Further, it follows that a must preserve the hole Ha, or equivalently that 
cr e Aut(fl"A)- 

Now suppose that A(i/) is of finite type, and that n > M + 1. Then Ha has 
less than 25 elements and hence forms part of faces of a number of finite and affine 
holes. There is no uniqueness, and a acts by permuting cycles of these holes which 
share the fixed vertices. 
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Finally, suppose that A{H) was of afEne type in A*^. Then the distance of the 

generalized centre c was exactly \/2 from all points of It then follows from 
the analogue of theorem 5.4 that there exists an affine hole Ha of the Leech lattice 
with the same centre c. This hole is unique in so far as c lies within its interior. 
This implies that a must preserve the hole Ha, or equivalently that a S Aut(_ffA)- 
This, in turn, implies that all vertices in Ha will be preimages of vertices of H. 
This proves 

Theorem 5.8. The generalized holes of TZ are of the following three types: 
(I) The interior of each affine hole of TZ lies within the interior of a unique 

affine hole Ha of the Leech lattice such that a € Aut{HA)- 

(H) The interior of each finite hole with M + 1 elements ofTZfix among its 

vertices lies within the interior of a unique finite hole Ha of the Leech lattice such 

that a e Aut{HA). 

(HI) Finite holes with more than M + 1 elements ofTZfix among their vertices 
lie within the faces of some affine and finite holes of the Leech lattice. ^ 

Remark. The faces of affine holes correspond to finite diagrams, hence there 
are no 'affine faces'. That there exist holes of each of the three types will become 
apparent in the explicit decomposition, as provided in appendix A. 

It is also worth noting that the preimages of an element of TZduai form a diagram 
of type Oi, as can be seen in the explicit case considered above (equation (5.19)). 
Now consider a hole -f^A of the Leech lattice such that a G Aut(-ffA)- The action 
of a is to permute a number of vectors which belong to the same cycle, and to 
fix the rest. Thus a induces a map taking A{Ha) to the Dynkin diagram of some 
generalized hole of TZ. We want to describe this action directly as an action on 
the diagrams. It is obvious that a identifies some sets of nodes, and fixes the rest. 
We need to understand the action on the bonds. First, consider the case when 
A e A is fixed, and Hi, i = 1, . . . , N are cyclically permuted by a. It follows that all 
(A — /ii)^, i = 1, . . . , N must be equal. From the construction it follows immediately 
that the vectors A, iJ.j, and n{iJ.j) = Yliil^i form an rectangular triangle. Hence, 
(A — X^i Mi)^ = fJ-j)^ ~ (2 — jf)- Thus, if A and are unlinked in A, so 
are A and /i; in TZ. And, if A and /ij are linked in A by a single bond, then 

A and J2i l-^i '^ill be linked by an arrow with N bonds. Now consider the case 
of two cycles. Suppose, Aj, i = 1,. . . ,N, and fii, i = 1,. . . ,N are such. Name 
the corresponding simple roots of the monster Lie algebra n = (Aj, 1, — 1) and 

2 

Si = {fii, 1, ^ — 1). As observed above, each cycle forms an diagram. Hence 
(Aj - Aj)^ = 4 for all i, j = 1, . . . , TV. Hence, 



[y: = j:{Xi, xj) = E E(^^ - 2) + E A? = E - 2^^(^ - !)• 



(Aj, Aj) — 



~ (Aj - Aj)^ _ Aj + Xj 



- 2 



2 2 



i j^i 



Hence, we obtain 
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We recall that the root r of norm 2N had the form r — Ai, N, 2N -'^)- 



Thus we can write 



Analogously we decompose 

--(Ea'-^'^Y#--i) = E(a'-1'Y-i) = E^«- 

Now, (r, s) = Tlii ji'^^iT^j)- We will only describe the most important cases: a) the 
rjjSj form a diagram of type . Then all products ri,Sj are zero and hence 
(r, s) — 0, leaving r and s unlinked, forming an Naf (here the bold N is introduced 
to indicate long roots), b) the r^, Sj form a diagram of the following type: for every 
i there is a unique j such that and Sj are joined by a single bond. (The resulting 
diagram is of type a^.) Adding up the inner products r^, Sj shows that r and s will 
be joined by a single bond, thus forming Na2. It is now obvious how to identify 
the action of a for some other constellations that may be needed. This completes 
the description of the induced action of a on Dynkin diagrams. 

The above results describe the relation of holes in the Leech lattice to those 
in TZ. We will now proceed to develop some techniques which will help to identify 
the automorphism groups of generalized holes in TZ. Throughout chapter 6, we will 
work with the normalizcr of a in Coq as the group of known automorphisms of the 
fixed point lattices. The normalizer (as in chapter 4.1, above) is the subgroup of 
Coo of automorphisms which normalize the cyclic group (cr). The normalizer of 
<j fixes A*^. There may, or may not, exist further automorphisms of A"^. The full 
automorphism group Aut(A'^) will be identified case by case in the course of the 
calculations of chapter 6. 

Theorem 5.9. Suppose (H) is a generalized hole ofTZ of type (I) or (II), as de- 
fined in theorem 5.8. Let {H\) denote the unique hole of the Leech lattice associated 
with (H) in theorem 5.8. Suppose further that in the Leech lattice all holes {K\) 
with A(K\) = A{H\) are equivalent to {H\) under the automorphism group Coq 
of A. Suppose that the order of Aut{HA) is divisible by N but not by N"^ . Then all 
holes (K) in TZ with A.{K) = A{H) are equivalent to (H) under the automorphism 
group of . 

Proof. Suppose {K) is another hole of TZ with A{K) — A{H). Then there 
exists a unique corresponding hole {Ka) of the Leech lattice. A{Ka) must be 
equal to A{Ha) because, in cases (I) and (II), all vertices of the Leech lattice holes 
are preimages of those vertices in TZ. (The considerations above showed how to 
fully reconstruct the Leech lattice hole.) Hence, there is a (f> G Coq such that 
K\ = (j){HiC). cr acts on K^. Consider (l>~^a(p and a. Both are automorphisms 
of order N, acting on Ha. The cyclic groups generated by <j)^^a(p and a must be 
conjugate in Aut(i7A) because, by assumption, the order of this group is divisible 



by N, and not divisible by N'^ (see Sylow's theorem, e.g., [ Jac85 |, p. 80), say by 
some ip S Aut(i?A). Then cr" — ilj~'-^(l)~'^a-(j)ip for some integer n, which implies 
that (jitp is an element of the normalizer of a. This shows that (jitp is element of 
Aut(A'^). □ 

The above theorem will cover many of the occurring diagrams. However, the 
rest will have to be treated on a case by case basis, using the following technique: 
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Theorem 5.10. Suppose we consider two types of diagram, Ai, and A2. They 

may be of any of the three types (I), (II), or (III) specified in theorem 5.8. Suppose 
there are rii generalized holes of type Ai, and generalized holes of type A2, within 
a fundamental region of the fixed point lattice. Suppose it is known that all holes of 
type Ai are equivalent under Aut{K'^). Suppose a hole (Hi) such that A(_ffi) = Ai 
has fi faces F which border on holes {H2) of type A{H2) = A2 such that there exist 
diagram automorphisms in Aut{Hi) acting transitively on the f\ faces F. Suppose 
the neighbouring holes {H2) of type A2 ha,ve /2 faces of type F bordering on holes 
of type Ai. Suppose that ri-i/i = n2/2- Then all diagrams of type A2 are equivalent 
under Aut{h.'^). 

Proof. We use the automorphisms identifying the holes of type Ai, and those 

of Aut(i?i) to identify all holes of type A2 which border on holes of type Ai. The 
assumption ni/i = 712/2 then implies that we have accounted for all diagrams of 
type A2. □ 

We conclude the chapter with a number of remarks. The check of the assump- 
tions of theorem 5.10 will be simplified if /i = 1. We know from lemma 5.3 about 
the faces of holes. We understand the action of a on Dynkin diagrams. Hence 
we can use theorem 5.9 to provide plenty of starting points so that some careful 
planning of the correct route through the remaining types of generalized holes will 
almost always succeed in selecting such neighbours. Finally, in chapter 6 we will 
first develop a strategy to count the numbers of holes of any type within a funda- 
mental region of the fixed point lattice. The application of theorem 5.10 will provide 
a double check of the consistency of these numbers. This is all the more valuable 
as the complexity of the search means that it will only be possible to present the 
results, not however all individual calculations. 



CHAPTER 6 



Hyperbolic Lie Algebras 



A Lie algebra is called hyperbolic if its Cartan matrix satisfies the condition that 
every proper principal minor is of finite or afhne type. |Wan91| gave a complete 
list of all 238 hyperbolic Lie algebras with more than 2 simple roots. The significant 
difference to finite and afSne Lie algebras is that hyperbolic Lie algebras possess 
roots of negative norm. Some of their multiplicities will be greater than 1. The 
purpose of this chapter is to identify the hyperbolic subalgebras of the GKMs Qn 
and thus to find upper bounds for the root multiplicities of these hyperbolic Lie 
algebras. 

The project of finding hyperbolic subalgebras does not present any theoretical 
problems as we simply have to check all subsets (of correct size) of the set of those 
real simple roots in the GKM Qn such that the representing vectors in TZ have 
norm less or equal to 8 (as the root system TZ is translation invariant). However, 
in the case N = 2 this would require checking subsets of up to 10 roots of a set of 
several hundred thousand roots. No computer is fast enough to carry out such an 
undirected search. Hence we will devise a strategy for a more organized search. 

As before, let a be an automorphism of the Leech lattice of order N ^ and N — 
23, 11, 7, 5, 3, 2. We consider the GKM Qm corre sponding to a as constructed 
in chapter 1. Section 6.1 recalls the classification of | Wan9l| and identifies which 
hyperbolic Lie algebras are candidates to be subalgebras of one or any of the GKMs 
Qn- Section 6.2 indicates how to carry out the explicit complete enumeration of 
all finite, afhne, and hyperbolic, subalgebras of the GKMs Qm for all relevant iV. 
The 2-dimensional case {N = 23, section 6.2.1) is almost trivial but very useful for 
visualizing the problem. The 4-dimensional case [N ~ 11, section 6.2.2) already 
shows all problems of the cases in higher dimensions. As the calculations become 
very tedious for the remaining four cases we will restrict ourselves in section 6.2.3.1 
to an account of respective bases and symmetries used in the actual calculations. 
Section 6.2.3.2 provides a list of all those hyperbolic Lie algebras which can be 
identified as subalgebras of one of the GKMs Qm in such a way that the resulting 
upper bounds are sharp at least for some roots and such that they represent an 
improvement on existing bounds. Again, we can only give the results of the trivial 
but tedious calculations. For each such hyperbolic Lie algebra we give the Dynkin 
diagram and the root multiplicities for some imaginary roots of small height. I 



used Peterson's recursion formula (|Kac90 , p. 210) to carry out the numerical 



calculations of these root multiplicities. Wc contrast the multiplicities with the 
resulting upper bounds. 

The complete classifications of finite and afhne diagrams for all relevant N 
are provided in appendix A. Given that computer calculations were required to 
complete the proof, the function of sections 6.2.1 and 6.2.2 is not so much to 
carry out some trivial calculations but to show that the output of a computer 



72 



6.2. FINITE, AFFINE, AND HYPERBOLIC SUBALGEBRAS 



73 



program actually constitutes a mathematical proof. The partition of space as listed 
in appendix A is not merely auxiliary but a result in its own right as well and it 
extends the results obtained by Borcherds, Conway, and Queen for the Leech lattice 



(see |CS88|, chapter 25). 

The concluding section 6.3 tries to put into perspective the results obtained 
in the previous sections of chapter 6. In section 6.2 we observed that the root 
multiplicities of Gn provided good upper bounds for some hyperbolic Lie algebras 
while for others they did not bear any resemblance to the correct multiplicities. 
We use some well known results about the multiplicities of particularly the norm 
vectors of hyperbolic Lie algebras to identify some conditions which are necessary 
to obtain sharp upper bounds. This is not simply a descriptive exercise but will 
provide us with a strategy which could help to determine sharp upper bounds for 
more hyperbolic Lie algebras. We will describe this strategy and relate it to some 
explicit numerical calculations of root multiplicities. We will further relate it to 
some results and conjectures of Borcherds. We will conclude with a number of 
observations which present open problems related to the results of this work. 

6.1. Wan's classification 



Wan91| classified all hyperbolic Lie algebras. The notation introduced in 
chapter 5.2 was based on Wan's notation. We will continue using it here. To achieve 
the aims of this chapter we need to identify all hyperbolic Lie algebras which are 
subalgebras of the GKMs ^at constructed in chapter 1. Wan's classification provides 
the pool of our search. However, we cannot expect to find all hyperbolic Lie algebras 
as such subalgebras. For a start, all subalgebras of the GKMs Gn constructed in 
chapter 1 will be symmetrizable. Further, among the Gn we do not have any Lie 
algebra whose real simple roots have ratio of norms 4:1. Finally, from chapter 5.1 
it follows that in any subalgebra of the GKMs G n there are real simple roots of at 
most two different norms, as we consider prime N only. Hence we may restrict our 
attention to symmetrizable hyperbolic Lie algebras with simple roots whose norms 
have ratio 2:1, 3:1 only. This leaves us with a list of altogether 96 hyperbolic Lie 
algebras which are potential candidates. 

6.2. Finite, Affine, and Hyperbolic Subalgebras 

We now proceed to identify the finite, afhne, and hyperbolic Lie subalgebras of 
the GKMs. We will present the cases TV = 23 (section 6.2.1) and iV = 11 (section 
6.2.2) explicitly. The case = 23 can be visualized easily as it is 2-dimensional. 
The case A^ = 11 already shows all essential features of the general case. Section 
6.2.3 summarizes the results for the remaining A", that is A^ = 7, 5, 3, and 2. 

6.2.1. N=23. 

6.2.1.1. Finite and Affine Subalgebras of N—23. Let ^^23 denote the GKM con- 
structed in chapter 1 from an automorphism a of cycle shape 1^23^. Let A*^ be 
the 2-dimensional fixed point lattice and L — K'^ ® be the corresponding 

Lorentzian lattice. Its real simple roots r have been calculated in theorem 5.1 to be 
the norm 2 roots (A, 1, ^ — l) where A S A°' and the norm 46 roots (A, 23, |g — l) 
where A € 23(A°')*. A basis of K" is easily obtained as 

(6.1a) Ai = ^(-3, \/23), A2 = ^(5, ^23). 
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Figure 6.1. The root system of the GKM ^23 

Wc can therefore choose our fundamental region as the convex hull of the vectors 0, 
Ai, A2, and Ai + A2. Wc recall from chapter 4.1 (a remark following lemma 4.1) that 
the additive group (A'^)*/A'^ has just one generator, which is of order 23. Hence, 
as a basis of the dual lattice we may choose 

(6.1b) _L(9A2-8Ai) = -^(3,^\/23), Ai - A2 = -^(8, 0). 

There are precisely 2 elements of TZauai within the fundamental region: A* = 
^(l,i|\/2k) (ofnorm2+^) and A^ = -j^{'i-,^V^) (ofnorm4+^). A diagram 
of the root system TZ for the fundamental region is shown in figure 6.1. 

Remark. The smaller dots indicate the positions of the generalized centres of 
the generalized holes in the partition. We further observe that the balls of radius 
V2 and centres at the fixed points TZ fix do not cover the space. Correspondingly, 
the simple roots of norm 2 do not constitute the full set of real simple roots of the 
GKM ^23. 

The volume of the fundamental region is the determinant of the matrix formed 
by the vectors Ai and A2: 

(6.2) n23)=det(^_^13 l^ssj = ^ 
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Within the fundamental region we identify 5 generahzed holes. There is one 
afRne hole of type Ai 23 Ai, two finite ones of type of 23ai, and two finite ones of 
type 02 23ai. Using the automorphism —id of the fixed point lattice (and suitable 
translations by lattice elements) we observe that the finite holes of equal type are 
in fact equivalent. It is easily recognized that, in fact, the full automorphism group 
fixing (see chapter 5.4) is of order 2. Formulae (5.14) to (5.17) of chapter 5.3 in 
conjunction with table 5.1 provide the volumes of these holes: 



(6.3a) ViAi 23Ai) ^^ViAi)V{23Ai) = l(2\/2)(2^) 



2! ' ^ ' ' 2!^ V23' V23 



Vial 23ai) [p^a^) + p^{a,) + p2(23ai)) 



(6.3b) X W det(ai)det(ai)det(23a 



1 fl 1 23\/„ „ 2 
— 2x2x— 



2 V V2 2 2 y V 23/ ^/23 



(6.3c) 



V{a2 23ai) =iy' (^2(^2) + p2(23ai)) (det(a2)det(23ai 
' ^^2 + ?V3xA^ 



2VV 2J\ 2-iJ V23 



The sum of volumes of the individual holes within any fundamental region 
hence works out to 

(6.4) 1 X ^ + 2 X + 2 X 4i = 4^ 

V23 ^/23 \/23 V23 

as expected from formula (6.2). This provides a check that the decomposition into 
generalized holes was both complete and error free. 

6.2.1.2. Hyperbolic Subalgebras for N=23. We now search for hyperbolic Lie 
algebras contained in the root system of 523- As we do not have any afhne, or finite, 
subalgebra containing more than 2 roots we can restrict ourselves to hyperbolic Lie 
algebras of rank 3. Furthermore, we will not obtain pointed arrows as the norm of 
the longer root is 46. We recall from chapter 5.2 that in the notation of | Wan9l| 



a double arrow corresponds to a Cartan matrix {^_^ 2) ; ^-^d that a single bond 



corresponds to a Cartan matrix (^_^ Checking [ |Wan91 |, we are left with the 



five potential candidates only which are shown in figure 6.2. All of these contain 
an affine subalgebra Ai. The decomposition of the volume has proved that up to 
automorphism there is a unique representative of Ai within TZ, which without loss 
of generality can be taken to be Ai, A2. (Recall chapter 5.2, particularly formula 
(5.3), for details on how to translate Dynkin-diagrams into distances in TZ.) We 
fix a double arrow within the first of the above diagrams. The rest of the diagram 
then translates into a pair of distances (4,6) of the remaining third root from Ai 
and A2. Clearly the vector does satisfy these conditions. Hence we have found 
that the corresponding real simple roots of ^^23, 

(6.5) ai = (Ai,l,l), a2 - (A2,l,2)), 03 = (0,1,-1) 

do represent the Dynkin diagram. This algebra is named H^q in Wan's classifica- 
tion and AE^ in | Kac90| (chapter 4) . It is straightforward to check the remaining 
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Figure 6.2. Candidates in the case N — 23 



four candidates for hyperbolic subalgebras. They, however, cannot be reahzed 
within TZ. 

Let us return to AE^. The coroUary to theorem 1.7 now shows that 

^2 



(6.6a) 



niuh(r) < Peril - y) 



if r ^ 23L* 



(6.6b) 



mult(r) < Pcr(l 



r 



Pail 



46 



) if r e 23L* 



Here Pcr(l + n) is defined to be the coefhcient of in the g-expansion of qrj^^iq) 
ri~^iq^^) as in formula (1.24). We will want to compare these coefficients with some 
obtained in FF83| |. For convenience, we rewrite the definition of the pa as follows: 



(6.7) 



q 



1 



2q^ 



The imaginary roots can be partially ordered by norm and height and are 
described as a linear combination of the simple roots. In the table 6.1 below, 
'2,2,1' represents the imaginary root 2ai + 2a2 + las with roots as labelled in the 
Dynkin diagram. We list a number of imaginary roots of small height and give 
their multiplicities. The multiplicities can be found in | Kac9C |, p. 215. They are 
reproduced here for convenience. Obviously, it is sufficient to register the roots 
of a Weyl chamber. The column 'bound' shows the upper bounds as obtained in 
formula (6.6). 
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H^^Q> = AEs C ^23 



coefRcients 


norm 


mult 


bound 


1, 1, 





1 


1 


2, 2, 1 


-2 


2 


2 


3, 3, 1 


-4 


3 


3 


3, 4, 2 


-6 


5 


5 


4, 4, 1 


-6 


5 


5 


4, 4, 2 


-8 


7 


7 


5, 5, 1 


-8 


7 


7 


4, 5, 2 


-10 


11 


11 


6, 6, 1 


-10 


11 


11 


5, 5, 2 


-12 


15 


15 


7, 7, 1 


-12 


15 


15 


5, 6, 2 


-14 


22 


22 


8, 8, 1 


-14 


22 


22 


5, 6, 3 


-16 


30 


30 


6, 6, 2 


-16 


30 


30 


9, 9, 1 


-16 


30 


30 


6, 6, 3 


-18 


42 


42 


6, 7, 2 


-18 


42 


42 


10, 10, 1 


-18 


42 


42 


7, 7, 2 


-20 


56 


56 


11, 11, 1 


-20 


56 


56 


6, 7, 3 


-22 


77 


77 


7, 8, 2 


-22 


77 


77 


12, 12, 1 


-22 


77 


77 


6, 8, 4 


-24 


101 


101 


7, 7, 3 


-24 


101 


101 


8, 8, 2 


-24 


101 


101 


13, 13, 1 


-24 


101 


101 


8, 9, 2 


-26 


135 


135 


14, 14, 1 


-26 


135 


135 


7, 8, 3 


-28 


176 


176 


9, 9, 2 


-28 


176 


176 


15, 15, 1 


-28 


176 


176 


7, 8, 4 


-30 


231 


231 


8, 8, 3 


-30 


231 


231 


9, 10, 2 


-30 


231 


231 


16, 16, 1 


-30 


231 


231 


7, 9, 4 


-32 


297 


297 


8, 8, 4 


-32 


297 


297 



Table 6.1. root 





CX2 


0:3 












>■ c 

coefficients 




norm 


• 

mult 


bound 


10, 10, 2 


-32 


297 


297 


17, 17, 1 


-32 


297 


297 


8, 9, 3 


-34 


385 


385 


10, 11, 2 


-34 


385 


385 


18, 18, 1 


-34 


385 


385 


9, 9, 3 


-36 


490 


490 


11, 11, 2 


-36 


490 


490 


19, 19, 1 


-36 


490 


490 


8, 9, 4 


-38 


627 


627 


11, 12, 2 


-38 


626 


627 


20, 20, 1 


-38 


627 


627 


8, 10, 4 


-40 


792 


792 


9, 9, 4 


-40 


792 


792 


9, 10, 3 


-40 


792 


792 


12, 12, 2 


-40 


791 


792 


21, 21, 1 


-40 


792 


792 


8, 10, 5 


-42 


1002 


1002 


10, 10, 3 


-42 


1002 


1002 


12, 13, 2 


-42 


1001 


1002 


13, 13, 2 


-44 


1253 


1256 


9, 10, 4 


-46 


1574 


1576 


10, 11, 3 


-46 


1574 


1576 


13, 14, 2 


-46 


1571 


1576 


9, 10, 5 


-48 


1957 


1960 


9, 11, 4 


-48 


1957 


1960 


10, 10, 4 


-48 


1957 


1960 


11, 11, 3 


-48 


1956 


1960 


14, 14, 2 


-48 


1953 


1960 


10, 10, 5 


-50 


2434 


2439 


14, 15, 2 


-50 


2429 


2439 


9, 11, 5 


-52 


3007 


3015 


11, 12, 3 


-52 


3005 


3015 


15, 15, 2 


-52 


3000 


3015 


9, 12, 6 


-54 


3712 


3725 


10, 11, 4 


-54 


3713 


3725 


12, 12, 3 


-54 


3710 


3725 


15, 16, 2 


-54 


3702 


3725 


10, 12, 4 


-56 


4557 


4576 


11, 11,4 


-56 


4557 


4576 



of AEs 



In the context of hyperbolic Lie algebras we require the definition of the level 
of a root of a hyperbolic Lie algebra. Suppose we are given a hyperbolic Lie algebra 
of, say, n simple roots. Suppose that its Dynkin diagram contains a unique affine 
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subalgebra, which then necessarily has n — 1 simple roots, determining a unique 
simple root ao not in the affine diagram. If we express any root r as a positive 
linear combination of the simple roots f = ^ riiai the level of r is defined to be 
the coefficient uq of ao. Hence in our labelling of the simple roots the level of a 
root of AE3 is simply the coefficient of a^. It follows from proposition 10.10 and 



exercise 11.7 of [Kac90| that for simply laced hyperbolic Lie algebras all roots of 



level 1 and rank n satisfy 

(6.8) mult(r)=p„_2(l-y) 

Here, Pn{x) is the number of partitions of x into parts of n colours. 

Le t us return to AE3. This algebra has been studied extensively in | FF83 
|FF83|| define the following series p{n) and p' [n): 

(6.9a) ^p(n)g"-n(l 

n n 

Thus p{n) is the number of partitions of n. 

(6.9b) ^p'(n)g"- (n(l-9")-')(l-9'° + 9''±...) 

n n 

|FF83 | then restate the root multiplicities for level 1 explicitly as follows: 



(6.10a) muh(r)=p(l-y 



|FF83 | is mainly concerned with level 2. For roots of level 2 they obtain: 



(6.10b) mult(r) ==p'(l - y) 

Let us consider a root of level rs , say 

r = riai + r2a2 + r^U'i, = (riAi + r2\2,ri + r2 + r^. ri + 2r2 - rs). 

This will be an element of 23L* if and only if 

(6.11a) riAi H-rsAa e 23(A'")* 

(6.11b) n + ra + = 0(23) 

(6.11c) n + 2r2 - rg = 0(23) 

Without loss of generality we can consider coefficients r-i,r2,r3 modulo 23. 
Comparing with the basis (formula (6.1b)) of (A°')*, we conclude that (6.11a) will 
only be satisfied if ri = — 8n, r2 = 9n, for some integer n. We feed this into (6.11b) 
and obtain r3 = —n. Now, (6.11c) reads lln = 0. Thus, in summary, r will be an 
element of 23-L* if and only if all three coefficients ri, r2, rj, are divisible by 23. 

In particular, we observe that, for r of level 1 or 2, r ^ 23L*. Hence, for these 
r the upper bounds of (6.6a) apply. We can now compare our upper bound (6.7) 
to the exact values (6.9a) and (6.9b). We find that our results are very close to the 
exact multiplicities where these are known. At the same time, our results apply to 
all roots of AE^. 
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Furthermore, we observe that the five real simple roots 0, Ai, A2, A*, Aj form a 
symmetrized Cartan matrix as follows: 



C = 



(2 


-2 








^ 


-2 


2 


-1 











-1 


2 


-23 











-23 


46 


-46 


^0 








-46 


46 / 



In particular, the equation 23 (Ai + A2) = A^ + A2 shows that for every root in 23L* 
there are additional roots in Q23 which are not in the hyperbolic Lie algebra AE^- 
This provides some idea why the upper bounds are not exact for all roots. 

6.2.2. N=ll. 

6.2.2.1. Finite and Affine Subalgebras. Let Qn denote the GKM constructed 
in chapter 1 from an automorphism a of cycle shape 1^11^. Let A"' be the 4- 
dimensional fixed point lattice and L = A" (Blli,i be the corresponding Lorentzian 
lattice. The set of its real simple roots TZ has been calculated in theorem 5.1. A 
basis of A"' is easily obtained as 

(-3,l,VlT,VTT), (2,0,2\/Tl,0), (4,4,0,0), (8,0,0.0). 
Here, as in the rest of this section, wc operate in basic units of that is, we 
suppress this factor, which is common to all vectors considered. The basis vectors 

n 

form a diagonal matrix and we can read off the fundamental volume to be \/TT . 

The fixed point lattice is a sublattice of the Leech lattice. Hence the shortest 
vectors will have norm 4. From the considerations of chapter 5.2, formula (5.3) it 
follows that any finite or affine diagram has bonds which correspond to distances 
between the roots either 4, or 6, or 8. Without loss of generality we can choose the 
vector as one of the roots. Then we can restrict our attention to vectors of norm 
4,6, and 8. A complete list of these is easily obtained from the explicit basis and 
given in table 6.2: 



norm 4 vectors 


norm 6 vectors 


norm 8 vectors 


(4,4,0,0) 


(2,0,2VTT, 0) 


(8,0,0,0) 


(4,-4,0,0) 


(o,2,o,2Vn) 


(0,8,0,0) 


(3,-1, -VTT, -Vn) 


(5,i,Vn, VTT) 


(4,-2,0,2VTT) 


(-1,3, -VTT, -VTT) 


(1,5, VTT, VTT) 


(-4,-2,0,2VTT) 


(3,i.-Vn, Vn) 


(5,-1, VTT, -VTT) 


(-2,4,2Vn,0) 


(1,3,-Vn, Vn) 


(-1,5,-Vn, Vn) 


(-2,-4,2Vn,0) 



Table 6.2. Short vectors of A*^ 



We now turn to the elements of TZduai- As established in chapter 5.2 (remark 
following theorem 5.4), there cannot be any bonds between elements of TZ fix and 
TZduai in a diagram of finite or affine type. If we require to be one of the roots we 
can restrict our attention to those elements of the dual which have norm exactly 
2 + To identify those, we begin by recalling the remark following lemma 4.1 
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that the additive group {h.")* /h." has two generators, each of order 11. We can 
choose them as 



[At] = (3,-L^ 



11 VTT. 



11 



[A^] = (3,l, 



11 



11 



To find elements of the dual lattice of norm 2 + ^ we require {a[X{\ + ^[Aj])^ = 
Y[ mod 2Z, where a, h are integers modulo 11. This is equivalent to the condition 



(6.12) 



+ 6^ = 8 mod 11. 



As established in lemma 4.2, this identity has 12 solutions: They are {(±2, ±2), 
(±4, ±5), (±5, ±4)}. We consider the solution (2,2). The corresponding equiva- 
lence class is represented by the vector (4,0, ^\/TT, 0). A check of all short vec- 
tors establishes that there are precisely 6 representatives of norm 2 + namely 

(±4, 0, ^\/n, 0), (0, ±4, 0), (-1, ±1, ^ VTT, ^Vn). 

Wc recall the claim, proved and used in the deduction of theorem 4.2, that 
G02(ll) acts transitively on the 12 solutions of (6.12). It furthermore lifts to 
automorphisms of the fixed point lattice. Hence we have found that there are 
12 X 6 = 72 elements of norm 2 + ^ within TZduai- From here, it is straightforward 
to calculate their co-ordinates. We will, however, omit a complete list. 

The search for generalized holes in TZ will be simplified if we can make use of 
the automorphisms of the lattice. There are a number of obvious symmetries of 
order 2: 



(6.13) 



-id 



/I 






\ 





-V 



/o 
1 







1 

0/ 



Referring to the complete list of short vectors we observe that there are just two 
types of norm 8 vectors which cannot be identified by the above automorphisms. 
As the centralizer of cr in Coq has order 66 we may now conjecture that there exists 
an automorphism of order 3 identifying the two types. (It must be stressed that 
it can only be a pious hope to expect that all norm 8 vectors will be equivalent, 
even though it is true for Leech lattice vectors. It is, for example, false in the case 
N = 2, where there exist two types of diagrams, and Af 2Af.) Let us try to 
construct an automorphism (p mapping (8, 0, 0, 0)-^ to (4, —2, 0, 2\/IT)^. Thus the 
first column of (J) will be (i, — 0, i\/TT)^- (0,8.0,0)"^ must now be mapped to 
some other norm 8 vector which still will be orthogonal to (f>{8, 0, 0, 0)-^. Checking 
the list of norm 8 vectors there are precisely 2 possible choices: ±(2, 4, — 2v^, 0)^. 
(These two choices are equivalent because of the automorphism (p2, formula (6.13)). 
Continuing in this way we obtain 



/ 



(6.14) 



1 

2 
_ 1 

4 













1 

2 
1 

4 





_ 1 

4 



We observe that (f) docs not only identify the two types of norm 8 vectors which 
were not equivalent under the automorphism group generated by 4>i,4>2,4'3 but it 
does so for the norm 4 and norm 6 vectors as well. 



6.2. FINITE, AFFINE, AND HYPERBOLIC SUBALGEBRAS 



81 



We begin the decomposition of space into generalized holes by searching for Ai 
diagrams, the only type requiring norm 8 vectors. As all norm 8 vectors are equiva- 
lent under the automorphism group we choose the vectors and (8, 0, 0, 0) without 
loss of generality. This is a complete afEne component, hence all remaining elements 
of this hole must have minimal distance from both. This obviously leaves the vectors 
(4, ±4, 0, 0), and the dual vectors (4, 0, ±^711, 0), and (4, 0, ±^^11, 0). Thus we 
have identified an Af llA^. Now there are 12 norm 8 vectors which each form one 
such diagram with 0. On the other hand, within each diagram there arc 4 ways of 
placing the and norm 8 vectors. Hence, within any fundamental volume, there 
are ^ = 3 such diagrams. 

Next, let us search for diagrams of the type n" llA where A is any (not nec- 
essarily undecomposable) simply laced diagram of finite type. Theorem 5.8 asserts 
that among the vertices of any generalized hole there are at least M + 1 elements of 
TZfix- Hence n will be greater or equal 3. Without loss of generality, choose and 
any of the norm 4 vectors, say (4, 4, 0, 0). There are only 2 vectors left which have 
distance 4 to both the above: (3, 1, — \/TT, \/TT) and (1, 3, \/TT, — \/TT). Automor- 
phism (/)3 shows that the 2 choices for a third vector arc equivalent. Furthermore, 
we observe that there cannot be an af diagram. We choose, say, (3, 1, — vTT, vTT). 
Of the 72 dual vectors there are precisely 6 left which have minimal distance from 
the 3 chosen vectors. We refer to them as vectors a to /, respectively. We calculate 
their distance table, where a stands in the place of any distance greater ^ as 
such a distance cannot occur within a finite diagram. The distances are given in 
units of TT- 





a 


b 


c 


d 


e 


/ 


a 




4 


* 


* 


* 


* 


b 






* 


* 


* 


* 


c 








* 


* 


4 


d 










4 


* 


c 












* 



Hence, we identify three diagrams of type af llaf. We have had 12 choices of 
the first norm 4 vector, another 2 choices for the second. On the other hand, there 
are 3! ways of choosing which of the vectors corresponds to which of the af. Hence, 
within any fundamental volume, there are i^^^^^^ _ ^2 holes of type af llaf. 

Any generalized hole which is not of either of the above two types will contain a 
single bond, that is a pair of vectors of TZfix at distance 6. We choose without loss of 
generality and (5, 1, VTT, VTT). We first complete the search for afiine diagrams. 
There are only 2 affine holes in the Leech lattice which admit an automorphism of 
order 11. They are Af^ and ^2^. Theorem 5.8 (I) asserts that all generalized affine 
holes of TZ lift to aflane holes of the Leech lattice whose automorphism group has 
order divisible by A^. Hence we can restrict the affine search to ^1 and ^2- There 
are exactly 2 vectors of norm 6 which have distance 6 from (5, 1, vTT, vTT). They 
are (5, —1, VTT, — vTl) and (2, 0, 2\/TT, 0). Obviously these two choices to form an 
A2 are equivalent as the respective triplets of vectors are translations of one another. 
Choosing either, and collecting all dual vectors that have minimal distance to the 
three vectors we obtain a unique diagram A2 11 A2. Taking into consideration the 
choices made we found ^^^2 ^ ^ such diagrams within the fundamental volume. 

We now turn to finite diagrams. Any such contains roots which are joined only 
to one other root. Without loss of generality we can assume that the root is 
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chosen to be such. Then, apart from the fixed choice of one norm 6 vector, we will 

only have to consider norm 4 vectors which have distance less or equal to 6 from 
the chosen vector of norm 6. (This may not seem important, however, it does make 
a difference if there are 4320 vectors of norm 4 and 61440 of norm 6, as in the case 
= 2.) In the case at hand, there are 10 elements of TZduai of minimal distance 
to both and (5,1, vTT, a/TI). We will refer to them as a to j, respectively. The 
distance table (in units of jj, as above) is as follows: 

/) c d ( J g h i. j 



**66**** 

4**6**6 
* * * 6 * * 
6 * * * * 

* 4 * * 
* * 6 
* * 
4 



We list the norm 4 vectors which satisfy all conditions imposed so far. Let 
'dist' denote the distance to (5, 1, \/Tl, \/TT). 'duals' lists those elements of TZduai 
which have minimal distance from the respective norm 4 vector: 

A = (4, 4, 0, 0) dist = 4 duals a, b, /, g, h 

B = (4, -4, 0, 0) dist = 6 duals a, 6, e, i 

C = (1, — 3, vTT, a/TT) dist = 4 duals c,rf,e,i,j 

D = (3, 1, — -s/TT, vTl) dist = 6 duals 6,5, z,j 

Every generalized hole of finite type in the case = 11 has 5 vertices. We 
begin by searching for diagrams that contain the minimal number of elements of 
TZfix, which is 3 (theorem 5.8). We then need 2 elements of TZduai to complete the 
diagram. Choose A. ab, and fh, yield 0201 llaf. af yields 0201 lla2. Choose C. 
cd, and ij, yield a2ai llaf . cj yields 0201 lla2. Choose B. ab yields 03 llaf. ae, 
and bi, yield 03 lla2. Choose D. ij yields 03 lla^. bi, and gj, yield 03 lla2. Next, 
let us search for diagrams containing 4 elements of TZfix and 1 element of TZduai- 
Choose AD. b, and g, yield 0301 lloi. Choose BC. e, and i, yield 0301 llai. 
There are no further diagrams containing 4 elements of TZ fix because the distances 
AB, AC, BD are greater than 6. For the same reason, there can be no diagrams 
containing 5 elements of TZfix- In conclusion, we have obtained: 

type 03 Hal: l^^iMH = 12 copies, 
type 03 1102: ^^''<-^+'^) =24 copies. 

, 11 2 12x(2+2) o/i 

type a2ai llai. , = 24 copies. 

type a2ai lla2: ^^^Ti+i) _ 12 copies. 

, 12x(2+2) o/i 

type a^ai llai: 2^ ~ copies. 

We can now proceed to calculate the volumes of the individual holes and carry 
out the volume check, just as in section 6.2.1 for the case N = 23. The details for 
the case = 11 can be found in appendix A. 

So far we have established the numbers of holes of the various types. We 
now turn to the question whether all holes of same type are equivalent under the 
automorphism group of the fixed point lattice. We know that 11^ does not divide 
the order of Coq, thus certainly not the order of any automorphism group of a hole 
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Figure 6.3. Hyperbolic Subalgebras oi Gii 

in the Leech lattice. Hence, theorem 5.9 covers all affine diagrams and all finite 
diagrams which contain precisely 3 elements of TZ fix ■ This only leaves the diagram 
asQi llai to be investigated. We consider a diagram of type 03 lla2. This has 
two faces of type 03 llai. If we consider a representative of this type we will 
discover that the adjacent holes are as llaf and asai llai, respectively. Hence, 
the conditions of theorem 5.10 are satisfied and we conclude that there are 24 holes 
of type a^ai llai equivalent under the automorphism group. This concludes the 
argument as there are precisely 24 such copies within any fundamental region. 

We now turn to the size of the automorphism group. Again, we consider the 
diagram a3 lla2. We estabfished already that its two faces of type 03 lloi are 
not symmetric. But so are the two faces of type a2 lla2, the adjacent diagrams 
being A2 IIA2 and 0201 lla2. Hence, the hole lla2 will only be preserved 
by the identity automorphism. As there exist 24 copies of it within a fundamental 
volume, the total automorphism group must have order 24. Thus we have verified 
the complete decomposition of the fundamental region as given in appendix A. 

6.2.2.2. Hyperbolic Subalgebras. We can now carry out the search for hyperbolic 
subalgebras. We observe that there are no finite, or affine, subalgebras of more than 
3 roots. Hence, we can restrict ourselves to hyperbolic Lie algebras of rank 3 and 4, 
whose roots, as in the case N = 23, must all be of equal length. That leaves us with 



5 hyperbolic Lie algebras of rank 3 and 3 of rank 4 from the list of [Wan91|. They 
contain an Ai or A2 subdiagram, respectively. From the decomposition of space in 
section 6.2.2.1 we know that up to isomorphism there are two unique representatives 
of these in TZ, one consisting of roots of norm 2, the other consisting of roots of norm 
27V. All that remains now is to check the elements of TZ close to the representing 
diagrams Ai, A2, 11 Ai, and 11 A2. We find that there exist exactly 3 hyperbolic 
Lie subalgebras of C/n, shown in figure 6.3. 

The first is the algebra AE^ which we identified as a subalgebra of ^^23 ■ As the 
upper bounds arising from A'^ = 11 are worse than those arising from = 23 we 
can discard this case. The second can be realized by the vectors 0, (8, 0, 0, 0), and 
(4, 2, 0, -2\/TT). The third is represented through the vectors 0, (5, 1, VTT, VTT), 
(5, —1, -s/TT, — a/TT), and (4, 4, 0, 0). We do not find any additional hyperbolic sub- 
algebras consisting of long roots. 

As in the case TV = 23, we obtain upper bounds for the root multiplicities of 
the above hyperbolic Lie algebras. We proceed to compare these bounds with the 
exact values for some imaginary roots, ordered by norm and height. The nota- 
tion is as before (see section 6.2.1.2), and I calculated the exact root multiplicities 
by a program based on the Peterson recursion formula for root multiplicities (see 



Kac90[ , p.210). 
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2 


-22 
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6, 
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3 


-24 


1769 


1780 
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7, 


8, 


3 


-24 


1769 


1780 
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6, 


8, 


4 


-24 


1769 


1780 






8 


8, 


8, 


2 


-24 


1767 


1780 






7 


6, 


8, 


4 


-26 


2663 


2685 






6 


7, 


8, 


4 


-26 


2663 
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7 


7, 


8, 


3 


-28 


3950 


3996 






7 


7, 


8, 


4 


-30 


5812 
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Table 6.3. Root Multiplicities of Subalgebras of Qw 



We observe that the upper bounds for AE\ are again very useful, though for 
roots of larger height there do occur discrepancies between the correct values and 
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the upper bounds, similarly to the results for AE^. However, the results for i?)^' 
are so poor that they must be regarded as useless. In fact, the general bounds 
provided by theorem 1.4b are actually far closer than our result. We will return to 
this in section 6.3. 

6.2.3. The remaining N. 

6.2.3.1. Finite and Hyperbolic Subalgebras. The previous section showed in de- 
tail how to analyse the root system TZ of Qn. 1 carried out the analysis of Qn 
for N = 7,5,3,2 using the same principal line of the argument in all these cases. 
The numbers of vectors of norms 4 and 6 do, however, increase to levels which 
are better treated by computers. Again, it was necessary to make extensive use 
of the known symmetries of the fixed point lattice in order to reduce the number 
of individual representatives of each type that had to be identified and counted. I 
determined the symmetries by explicit inspection. Given an understanding of the 
symmetries, I was then in the position to carry out a computerized search for gen- 
eralized holes, using preselections similar to those of Ai, a", a2 in the case TV = 11 
demonstrated in section 6.2.2.1, above. Later, I transformed the numbers of repre- 
sentatives found into numbers per fundamental region and carried out the volume 
check manually. I subsequently analysed the automorphism groups of the individual 
holes by inspection (with computerized search of representing holes). This provided 
an important double check for the results. The checks of the automorphism groups 
yielded the following result: In the cases = 2, 5, 7, 11, 23 it is true that, whenever 
two generalized holes have the same Dynkin diagram, they are equivalent under the 
automorphism group of A"^. However, in the case A^ = 3, there do exist two pairs 
of generalized holes which represent the same Dynkin diagram but are inequivalent 
under the automorphism group of A*^. One of these pairs concerns the Dynkin 
diagram as Sas (of type HI of theorem 5.8), the other the diagram 0502 Saj (of 
type II of theorem 5.8). This result implies that the theoretical analysis of the 
holes as carried out in section 5.4 cannot be carried much further. In particular, 
one cannot infer the equivalence of two holes in A*^ from the equivalence of their 
lifts in A, unless the automorphism group of the hole in A satisfies the assumptions 
of theorem 5.9. 

In this section we restrict ourselves to listing the bases of the fixed point lattices 
from which we can read off the volume of a fundamental region. The complete 
decompositions of the fundamental regions are given in appendix A. 

For N = 7 we choose as basis of the fixed point lattice (in units of -^): 



/-3\ 
1 

1 

V7 
V7 
\V7J 



( \ 

2 


2^7 

V y 



/ 2 \ 



2v^ 


V y 


















4 







4 

















































The fundamental volume thus is \/l . If we check the table of results we can 
confirm the size of the total automorphism group easily: The automorphism group 
of Ae has size at most 14, as this already accounts for all possible moves of the 
(isolated) diagram. Hence the total group cannot be bigger than 1176. On the 
other hand, there are holes of automorphism group 1. 
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For TV = 5 we choose as basis of the fixed point lattice (in units of ^) 
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The fundamental volume thus is v5 . If we check the table of results we can 
confirm the size of the total automorphism group easily: The automorphism group 
of A4 has size at most 200, as this already accounts for all possible moves of the 
(isolated) diagram. Hence the total group cannot be bigger than 14400. On the 
other hand, there are holes of automorphism group 1. 

The fixed point lattices in the cases iV = 3 and N = 2 are well known to 
be K12 and Aig, respectively. Hence there is no need to give an explicit basis 
here. The fundamental volumes and total automorphism groups can be quoted 



from [ CS88 |, chapter 4. The volu mes are VS , and V2 respectively. (Observe 
that the determinant referred to in | CS88| ] is the square of the volume of interest 
here.) 

6.2.3.2. Hyperbolic Suhalgehras. Before we continue to list examples of hyper- 
bolic Lie algebras we need to reflect on the results obtained so far. We observed 
that the bounds are sharp only for some cases. In the remainder of this section we 
will restrict ourselves to those hyperbolic Lie algebras for which the upper bounds 
bear some resemblance to the true multiplicities and at the same time represent an 
improvement on known upper bounds. In section 6.3 we will return in more detail 
to the question which cases are successful. 

To completely analyse all the GKMs Q n and to determine all hyperbolic subal- 
gebras again requires tedious calculations such that we can only report the results. 
However, we do not print a classification of all such hyperbolic subalgebras as, on 
the one hand, there is no obvious use for such a classification, on the other hand, 
given the classification of all finite and affine subalgebras as in appendix A, the 
classification of all hyperbolic subalgebras is a straightforward exercise. We restrict 
ourselves to recording the following experimental fact (though I cannot offer any 
explanation): in no C/ at there exist hyperbolic subalgebras whose rank oversteps the 
value given by the following dimension formula, 



rank : 



diniA" 



even though there do exist affine subalgebras of higher rank (such as in = 3, 
AqihN = 7, and D^'mN ^ 5). 

This means that hyperbolic Lie algebras of rank 7 or 8 have only been identified, 
if at all, as subalgebras of ^3 and Q2, hyperbolic algebras of ranks 9 and 10 have 
been found, if at all, as subalgebras of Q2- Let us now compare the bounds as 
obtained by identification as subalgebra with the global bounds of theorem 1.4b, 
given for rank 7-10. Note that we use the values for roots not in NL* in the case 
of the subalgebras as these are the smaller values: 
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—4 


71 


105 


104 


148 


201 


256 


-6 


217 


350 


351 


534 


780 


1122 


-8 


603 


1057 


1080 


1738 


2718 


4352 


-10 


1574 


2975 


3107 


5240 


8730 


15640 


-12 


3880 


7883 


8424 


14824 


26226 


52224 


-14 


9153 


19900 


21762 


39809 


74556 


165087 


-16 


20755 


48160 


53976 


102223 


202180 


495872 



Table 6.4. Comparison of quality of upper bounds, rank 7 to 10 



We see that we only obtain minimal improvements in some rare cases by 
and worse bounds throughout by Therefore we will not list any hyperbolic Lie 
algebras of rank greater or equal to 7 in this chapter, as we do not obtain improved 
upper bounds. Nevertheless, the analysis of their root lattices remains valuable 
as it provides the key to answering questions such as to any kind of subalgebra. 
Similarly, the decomposition of the L eech la ttice has been used in a number of 
problems since it was established (see []CS88 |, chapter 25). 

Let us now proceed to give an account of those hyperbolic Lie algebras which 
are subalgebras of Qi and such that the upper bounds obtained from theorem 
1.7 are sharp for some roots of small norm and height. We compare these bounds 
with the exact values for some imaginary roots, ordered by norm and height. The 
notation is as before (see section 6.2.1.2), and I calculated the exact root multiplic- 
ities by a program based on the Peterson recursion formula for root multiplicities 



(see [Kac9C], p.210) 
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Hyperbolic Lie algebras of Rank 5 



iff ^ = AE5 C Gr 




root-coclliciciils 


norm 


mult 


1)0U11(1 


0, 1, 1, 1, 1 





3 


3 


1,2, 2, 2,2 


-2 


9 


9 


1^ 3j 3j 3j 3 


-4 


22 


22 


2, 4, 3, 3, 2 


-4 


22 


22 


2, 4, 3, 3, 3 


-6 


51 


51 


1, 4, 4, 4, 4 


-6 


51 


51 


2, 5, 4, 4, 3 


-8 


108 


108 


2, 4, 4, 4, 4 


-8 


108 


108 


1 J 5 ; 5 ; 5 ; 5 


-8 


108 


108 


2, 5, 4, 4, 4 


-10 


221 


221 


3, 6, 5, 4, 4 


-12 


429 


432 



Hyperbolic Lie algebras of Rank 6 



Iff) = AEe c 05 



"5 




root-coefEcients 


norm 


mult 


bound 


0, 1, 1, 1, 1, 1 





4 


4 


1, 2, 2, 2, 2, 2 


-2 


14 


14 


2, 4, 3, 3, 2, 2 


-4 


40 


40 


1, 3j 3^ 3^ 3^ 3 


-4 


40 


40 


2, 4, 3, 3, 3, 3 


-6 


105 


105 


1, 4, 4, 4, 4, 4 


-6 


105 


105 


2, 5, 4, 4, 3, 3 


-8 


252 


256 


2, 4, 4, 4, 4, 4 


-8 


251 


256 


2, 5, 4, 4, 4, 4 


-10 


572 


590 


3. 6. 5, 4, 4, 3 


-10 


574 


590 


3, (). 5. 4. 3. 4 


-10 


574 


590 



H^"' = DEe c N=5 





root-coc 


;fficicnts 


norm 


mult 


bound 


as ae 


0, 1, 2, 


1, 1, 1 





4 


4 


■ V. ■ 

a4 as a2 ai 


1, 2, 4, 


2, 2,2 


-2 


14 


14 


1, 3, 6, 


3, 3, 3 


-4 


40 


40 


2, 4, 6, 


3, 3,2 


-4 


40 


40 


2, 4, 6, 


3, 2,3 


-4 


40 


40 




2, 4, 6, 


2, 3,3 


-4 


40 


40 




2, 4, 6, 


3, 3, 3 


-6 


105 


105 




1, 4, 8, 


4, 4,4 


-6 


105 


105 




2, 5, 8, 


4, 4,3 


-8 


252 


256 




2, 5, 8, 


4, 3,4 


-8 


252 


256 




2, 5, 8, 


3, 4,4 


-8 


252 


256 



Table 6.5. Root multiplicities of some hyperbolic Lie algebras of 
rank 5 and 6 
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6.3. Conclusions 

This final section tries to put into perspective the resuhs obtained in the previ- 
ous sections of chapter 6. In section 6.2 we observed that the root muhiphcities of 
Gn provided good upper bounds for some hyperbohc Lie algebras while for others 
they did not bear any resemblance to the correct multiplicities. 

We recall that in the cases N = 5, 7, 11, 23 there existed examples where the 
upper bounds obtained in this work represented a significant improvement on the 
global bounds of theorem 1.4b. Let us therefore turn to these cases. This automat- 
ically restricts us to simply laced algebras. Still, we did not obtain useful, sharp 
upper bounds for each hyperbolic subalgebra contained in one of the Qff. If we 
recall table 6.3 of = 11 given in section 6.2.2.2 we found that only the rank 4 
algebra provided useful bounds whereas the bounds for the rank 3 algebra were far 
off the true values. We recall from section 6.2.3 that the situation is similar for the 
remaining N. 

One necessary condition for useful upper bounds can be found experimentally. 
If we consider the numerical evidence for those hyperbolic Lie algebras which con- 
tain more than one affine subalgebra we will find that, even for roots of the same 
small negative norm, the root multiplicities vary considerably. Thus we will never 
be able to provide sharp bounds which depend on norm only. We therefore now 
concentrate on the following case: 

We consider a simply laced hyperbolic Lie algebra A with a unique affine sub- 
algebra Ao, thus allowing the definition of a level, as in section 6.2.1.2, above. If 
we consider numerical examples of successful and useless upper bounds we observe 
another necessary condition for the construction of useful bounds: They must be 
sharp for at least some norm vectors. Therefore, we will now determine the exact 
root multiplicity of norm vectors in hyperbolic Lie algebras and then ask when 
will this number be equal to the multiplicity of those norm vectors in Gn which 
are not elements of NL* (for the notation, see the corollary to theorem 1.7). 

We recall from formula (5.9) that for every simple affine Lie algebra there 
exists a unique norm vector S = riiai where the rii are positive integers whose 
greatest common divisor be 1. For the remainder of this section let d{Ao) denote 
this norm vector of the affine algebra An. 

We quote three results of Kac9C| ]: 



Proposition 6.1 ( [[Kac90| , Prop. 5.10c). Let A be a Lie algebra of finite, 
ajfine, or hyperbolic type. Let Q denote the lattice spanned by the simple roots. 
Then the set of all imaginary roots is 

{ a e g - {0} I < }. 

Remark. This is, in fact, an equivalent characterization of the three types of 
Lie algebras among ordinary Kac-Moody algebras. For every other Kac-Moody 
algebra, there exist vectors of the root lattice of negative norm which are not roots. 
Note, however, that the series of GKMs Gn constructed in this work provides 
examples of further Lie algebras where all imaginary root lattice vectors are roots. 



Proposition 6.2 ( [ [Kac90[ , Prop. 5.7). Let A be symmetrizable and let it 
have Cartan matrix C . Let the Weyl group be denoted W . A root a is isotropic (i.e. 

= 0) if and only if it is W -equivalent to an imaginary root j3 such that supp/3 
is a subdiagram of affine type of the Dynkin diagram of A. Let the corresponding 
affine subalgebra be called Aq. Then /3 = k5{Ao). 
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Proposition 6.3 ( [ [Kac90[ , Cor. 7.4). Let be a simply laced affine Lie al- 
gebra of n simple roots. Then the multiplicity of every imaginary root of Aq is 
n — 1. 

We rephrase this for the cases of interest to us. 

Theorem 6.1. Suppose A is a simply laced hyperbolic Lie algebra of rank n 
with a unique affine subalgebra Aq. Then the multiplicity of every isotropic a € 
g-{0} isn-2. 

Proof. The Dynkin diagram of the affine subalgebra Aq must be the Dynkin 
diagram of A with one simple root removed, hence it will have n — 1 simple roots. 
Now consider a ^ 0, such that = 0. By proposition 6.1 it is a root of A. 
By proposition 6.2 it is VF-equivalent to some /? which corresponds to some affine 
subalgebra. Now there is only one such subalgebra, ^o, of n — 1 simple roots. 
Hence, by proposition 6.3 the multiplicity of /? as a root of is n — 2. Hence its 
multiplicity as a root of A is n ~ 2. This in turn implies that the multiplicity of a 
is n-2. □ 



Theorem 1.1 of Bor90a | shows that, for any root r oi Qn with > 0, there 
exists a unique representation as a sum of positive simple roots. As we will see 
below, no such uniqueness holds for roots r such that < 0. Instead, we have the 
following situation. Let ^ be a hyperbolic Lie algebra with unique affine subalgebra 
Ao such that A is subalgebra of one of the GKMs Gn- As before, let TZ = {r^} 
denote the set of real simple roots of Gn- The vector 6 = d{Ao) can be represented 
as (5 = ri- where the ri^, j = I, . . . ,n are the simple roots of . The vector 

S lies within the (closure of the) Weyl chamber of the affine Lie algebra .4o. It also 
lies within the (closure of the) Weyl chamber of the GKM Gn- Suppose, it did not. 
Then there would exist a root r oIGn such that the reflection (/j^ takes (5 to a root of 
smaller height. As S lies within the Weyl chamber of i" must be distinct from any 
of the simple roots r^^. , j = 1, . . . , n. Then 4>riS) is a root which is neither positive 
nor negative, a contradiction. We conclude that if 6 = '^jrii.ri. ~ ^ 



j iHj I ij — Z^fe ''T-ik'''ik 

then by proposition 6.2 not only the collection of r^^. but also the collection of r.i^ 
corresponds to an affine subalgebra of Gn- 

The multiplicity of 5 as a root of Gn and the multiplicity of (5 as a root of the 
hyperbolic Lie algebra will be equal if and only if the representation S = '^Ui. ri. is 
unique in Gn- We recall formula (5.13) for the generalized centre c of an affine hole 
and formula (5.10) for the relation 5^ = ^^^^{S), using all notation as in chapter 
5. Then 

(cl*)-^-^ 
Thus we can identify the centre c from 5 alone, using the fact that (c, 1, *) must 



have height 1. This can be reformulated as follows: If ^ = ^ ■ Ui.ri. = ^ 



. ni,r,. 



within the GKM Gn, then the representatives of r.i. and those of r^^ are associated 
to the same affine hole of TZ. To confirm that 5 can only be represented in a unique 
way it therefore suffices to check the the products dh^ of the components of the 
affine hole in TZ determined by 5. 



Theorem 6.2. Suppose that a simply laced hyperbolic Lie algebra A with 
unique affine subalgebra Ao is contained in one of the GKMs Gn constructed in 
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theorem 1.6. Consider the affine hole HofTZ containing the elements of TZ repre- 
senting 5(Ao). If the product d{Ao)h^ [A^)) is smaller than the product dh'^ of any 
other component of H then the upper bound for the multiplicity of 5 in A is shar^ 

Remark. By theorem 6.1, the multiphcity of any norm vector in A equals 
that of 6. Suppose we obtain a sharp upper bound for the multiphcity of S. If 
the upper bounds depend on norm only they will be sharp for every norm vector. 
However, in the cases Gn at hand, we obtain discrepancies for norm vectors which 
are elements of NL* . 

Example. It is now straightforward to understand the quality of the upper 
bounds obtained in section 6.2. For example, Ai in Ai 23Ai satisfies the conditions 
of theorem 6.2, Ai in Af 11 Ai does not. Correspondingly, the bounds for AE^ as 
a subset of G23 are useful, those for AE^ as a subset of Gii are not. 

Similarly, A2 in A2 11 A2 satisfies the condition. Hence the bounds for AE4 

(3) 

obtained from = 11 are useful. As a last example, the bounds for Hj-^ are 
useless, again because Af 11 does not satisfy the conditions of the theorem. 

Let us look at the results of this work from the point of view that it provides 
a strategy to calculate sharp upper bounds for the root multiplicities of some hy- 
perbolic Lie algebras. We are now in the position to conjecture how far it may be 
possible to generalize this strategy. Suppose we consider a hyperbolic Lie algebra 
A of small rank, that is, the global upper bounds as provided by theorem 1.4b are 
substantially greater than the true values. We will have to find a suitable automor- 
phism a of the Leech lattice such that the root system TZ contains ^ as a subalgebra 
and such that at the same time the conditions of theorem 6.2 are satisfied. Recall 
that we can search for such a easily as we understand the action of a on Dynkin 
diagrams directly (chapter 5.4). Note that theorem 6.2 provides some idea of the 
quality of the bounds before we begin to calculate denominator formulas. 

The twisted denominator formula will then describe a Lie superalgebra, as 
indicated in the final remark of section 1.6. We will be able to obtain upper bounds 
for the root multiplicities of A if the twisted denominator formula describes in 
fact either a GKM or a Lie superalgebra with strictly alternating multiplicities. 
Borcherds states some conjectures about the properties of such automorphisms in 



chapter 6 of [Bor90b] 



For all hyperbolic Lie algebras of rank 7 to 10, the root multiplicities for some 
roots of small negative norm are collected in appendix B, and compared with both 
theorem 1.4b and the results of this work. One remarkable result of the calculations 
concerns the algebra 24 3^3 which contains roots of multiplicities both greater and 
smaller than pgj disproving a number of conjectures. The data shows furthermore 
that for simply laced hyperbolic Lie algebras of high rank the upper bound of 
theorem 1.4b already proves useful, which is one of the reasons why the new upper 
bounds could not improve on them. However, in the cases of those BEn and CEn 
which we identified as subalgebras of the Gn, the new bounds are substantially 
greater than the true values, and theorem 1.4b does not apply. We note that 
the bounds for CEn are not even sharp for the some of the norm vectors. A 
look on the numerical results for the BEn shows that, even though the bounds for 
norm are sharp, those for any other norm are useless. This provides a note of 
caution: Constructing sharp bounds for norm vectors is necessary if we want to 
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obtain useful upper bounds but not sufficient . The question of useful upper bounds 
remains wide open in these cases. 
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Appendix A 



This appendix contains the complete tables of afSne and finite diagrams for 
the sets TZ as described in chapter 5. The conventions denoting Lie algebras are 
standard with capital letters denoting affinc Lie algebras and small letters denoting 
finite ones. The presence of a bold-faced integer N in front of a component indicates 
that this component consists of long roots (the ratio of the norms of being N to 1). 

Each table lists first all affinc and then all finite diagrams. The types of dia- 
grams are in the first instance ordered by their indices. They are ordered by natural 
order of partitions. This convention is adopted even in those cases (like A^^' or 
A^''^) where the index docs not coincide with the rank. For a fixed set of indices, 
the order is alphabetic in the components. Note that the alphabet is extended such 
that any component NA immediately follows A. 

The second column of each table contains the size of the automorphism group 
of the respective diagrams. The total number of representatives of any diagram 
within a fundamental volume of the respective fixed point lattice is the size of 
the automorphism group of the lattice divided by the automorphism group of the 
diagram. The third column contains the unit volume of any one representative 
of a diagram. The necessary calculations are described in chapter 5.3. The total 
volume is the product of the unit volume by the total number of representatives of 
a diagram. The volume formula (theorem 5.6) states that the total volumes of the 
complete list of types must add up to the volume of the fundamental region. This 

, — M 

equals wN as follows from the explicit bases provided in chapter 6.2. Here, N = 
23, 11, 7, 5, 3, 2, and M = 24:/{N + 1). The unit volume and total volume are 
given in units indicated at the top of each table. These units are chosen purely for 
convenience. 



N=23 



Order of the automorphism group of the fixed point lattice: 2. 
There are 1 type of affine diagram and 2 types of finite diagrams. 



type of diagram 



group 



unit volume 

[u=2!-i\/23"^] 



total volume 

[u=\/23~^] 



Ai 23^1 
a2 23ai 
01^ 23ai 



2 
1 
1 



8 
9 
10 



4 
9 
10 



23 



Total volume of 3 types (units of 1) = 23/^23 = \/23\ 
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N=ll 

Order of the automorphism group of the fixed point lattice: 2^ 3^ = 24. 
There are 2 types of afJine diagrams and 6 types of finite diagrams. 



type of diagram 


group 


unit volume 

[«=(ll*4!)-i] 


total volume 
[«=ii-i] 


A2 IIA2 


6 


27 


4.5 


Ai^ llAi^ 


8 


64 


8 


03 lla2 


1 


18 


18 


03 ai lloi 


1 


44 


44 


03 llai^ 


2 


16 


8 


02 lla2 ai 


2 


21 


10.5 


a2 ai llai^ 


1 


18 


18 




2 


20 


10 



121 



Total volume of 8 types (units of 1) = 121/11 = a/TT . 

N=7 

Order of the automorphism group of the fixed point lattice: 2^ 3^ 7^ = 672. 
There 3 types of afHne diagrams and 11 types of finite diagrams. 



type of diagram 


group 


unit volume 

[«=(7^*6!)-i\/7] 


total volume 


Ae 


14 


343 


147 


A3 IA3 


8 


64 


48 


A{^ lAx^ 


48 


512 


64 


oe 7ai 


2 


147 


441 


05 7a2 


2 


63 


189 


04 7a3 


1 


30 


180 


^4 7a3 


2 


28 


84 


04 fli 7ai^ 


1 


70 


420 




6 


28 


28 


as las 0,1 


2 


36 


108 


as ai 7oi^ 


2 


32 


96 


02 ai^ lax' 


2 


84 


252 


02 ax' 7ai^ 


2 


36 


108 


01^ 701^ 


6 


40 


40 


2205 



Total volume of 14 types (units of 1) = 2205^ = ^7 . 
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N=5 

Order of the automorphism group of the fixed point lattice: 2^ 3^ 5^ = 28800. 
There are 6 types of afJine diagrams and 24 types of finite diagrams. 



type of diagram 


group 


unit volume 


total volume 






[«=(25*8!)-^] 


[«=1/210] 




8 


800 


600 




200 


3125 


93.75 


Ai 5Ai 


20 


125 


37.5 


Di 5D4 


24 


144 


36 


A^ 5A2^ 


72 


729 


60.75 


Ai^ 5Ai^ 


384 


4096 


64 


dg 5a3 


2 


80 


240 


de 5a2 5oi 


1 


90 


540 




2 


100 


300 


«5 5a4 


2 


45 


135 


do 5a4 


2 


40 


120 


(is bdi 


2 


40 


120 




2 


45 


135 


04^ 5ai 


8 


375 


281.25 


04 5a4 tti 


4 


55 


82.5 


di 5di Ol 


6 


52 


52 


a4 as 5oi^ 


4 


200 


300 


04 Saa ai^ 


4 


120 


180 


04 a2 5a2 ai 


4 


225 


337.5 


04 a2 5a2 5ai 


4 


105 


157.5 


5(^4 a2 ai^ 


6 


84 


84 


di oi^ 5ai^ 


6 


120 


120 


^4 ai 5ai^ 


6 


56 


56 


as a2 5a2^ 


2 


54 


162 


as a2 5a2 ai 5ai 


2 


120 


360 


as a2 tti 5ai^ 


2 


120 


360 


as ai^ 5oi^ 


4 


64 


96 


a2^ 5a2^ ai 


8 


63 


47.25 


a2 oi^ 5oi^ 


6 


72 


72 


ai^ 5ai* 


24 


80 


20 


5250 



Total volume of 30 types (units of 1) = 5250/210 = 25 = v^. 
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N=3 

Order of the automorphism group of the fixed point lattice: 2^° 3'^ 5^ 7^ = 78382080. 
There are 15 types of afHne diagrams and 93 types of finite diagrams. 



type of diagram 


group 


unit volume 


total volume 






[u=(27*12!)-i] 


[m=1/118800] 


As 3^2 2 


36 


2187 


43740 


E^ 3A5 


4 


648 


116640 


3A3 G2 


8 


2304 


207360 


Aq 3^6 


14 


343 


17640 


£'6 3D6 


8 


400 


36000 


-E'e 3£'6 


12 


432 


25920 




36 


6912 


138240 


A5 3A5 Df^ 


24 


1296 


38880 


A5 D4 3Ai^ 


288 


20736 


51840 




720 


46656 


46656 




48 


5184 


77760 


3^3^ 


128 


4096 


23040 


^2^ 


349920 


531441 


1093.5 


^2^ 3^2^ 


1944 


19683 


7290 


Ai^ 3Ai^ 


46080 


262144 


4096 


as 3a5 


2 


135 


48600 


as 3a5 


2 


135 


48600 


og 3a3 3a2 


1 


162 


116640 


as 3a2^ 3ai 


4 


189 


34020 


07 3a6 


1 


84 


60480 




1 


70 


50400 


dr 3de 


2 


64 


23040 


67 3aQ 


1 


63 


45360 


er 3(^6 


1 


54 


38880 


67 3e6 


2 


51 


18360 


ar 3a5 3ai 


2 


96 


34560 


(^7 3a5 ai 


1 


144 


103680 


dr 3(^5 ai 


2 


132 


47520 


67 3a5 3ai 


2 


78 


28080 


d7 304 52 


1 


90 


64800 


dr 3d4 32 


2 


84 


30240 


07 3a3^ 


2 


96 


34560 


dr 3o3^ 


2 


88 


31680 


(^7 3a3 3a2 ai 


2 


180 


64800 


3a3 5(2 3ai 


2 


108 


38880 


ae 3o6 oi 


2 


105 


37800 


no 3e6 ai 


2 


105 


37800 


3^6 oi 


2 


84 


30240 


66 366 ai 


4 


75 


13500 


06 3a5 52 


2 


63 


22680 



N=3 
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type of diagram 


group 


unit volume 


total volume 






[m=(27»12!)-1] 


[u=l/118800] 






A 


04 


1 0/1 /in 
iy44U 


66 3a5 g2 


A 

4 


Oi 


01 Qn 

yiou 


3eg 05 02 


4 


117 


01 riAO 

ziUOU 







110 

iiz 


yl nQon 
4UozU 


^ ^ 2 

eg oa5 ai 


A 

4 


1 

iOO 


ocncn 
zoUoU 







1 on 
izU 


4ozUU 









01 Ann 
ziouu 


oag Ct4 0,2 Q'X 





ioz 


4/OzU 


eg 3a4 52 o,\ 





1 nf^ 

iUO 


( oUU 


eg oc(4 fli 




oz4 


1 o/i /I n 

iy44U 


^ Q ^2 

eg Jas .92 


4 


AA 

DO 


1 1 QQn 
iiooU 


Q ^ ^ ^2 

oeg 03 a2 


4 




001 An 

zyiou 


eg 3a3 §2 ai^ 


4 


01 

zio 


Q Q c c n 
ooooU 


eg 3a2 92' a\ 


y) 
4 


loo 


Oy) Qnn 
z4oUU 


eg 52^ 3ai 




Q1 


yl CAn 


as 3as as 


A 

4 


1 cn 


QOyi nn 


as oas as 


yl 
4 


ioU 


QO/i nn 
oz4UU 




y) 
4 


1 OA 
iZD 


ooAcn 
zzDoU 


0^5 3a5 ^2 ai 


y) 
4 




i4U4U 


as a4 oa4 


1 


OC^O 
zOz 


1 t^i on 
ioizu 


05 (24 003 oai 


yl 
4 


OQQ 
ZOO 


r 1 Q yl n 




y) 
4 


/in 
4U 


7onn 
( zUU 


oas a4 a2 


A 

4 


01 A 
zio 


QQQCn 

ooooU 


a5 a4 t5a2 oai 


yl 

4 


oz4 


r QQOn 

OoozU 


as a4 oai 




oDU 


01 Ann 
ziouu 


as 004 a\ otti 





z4U 


zooUU 


^ „ Q ^ Q ,^ 2 

as a3 oa3 oai 


y) 
4 


01 A 
zio 


ooooU 


as as oa2 oai 


y) 
4 


01 A 
zio 


ooooU 


as das 52 cti 


yl 
4 


04 


1 Fi on 
iOizU 


as 3a3 92 ay' Za\ 


4 

4 


1 AQ 
iOO 


Qnoyi n 
oUz4U 


as a2 3a2^ 


1 


1 Q 
ioO 


CI nn 
OiUU 


as a2 3a2^ 


1 


ioo 


Qi nn 
OiUU 


4 

as 32 


/I 


AO 

DO 


n /I c 
945 


^ „ 3 Q„ 2 

US 91 3ai 


1 
iz 


dU 


QAnn 
ooUU 


as 91 ai^ 3ai^ 


1 
iz 


QAO 
ODU 


01 Ann 
ZiOUU 


04 (i4 3(i4 3ai 


6 


180 


21600 


04 (^4 3a3 3a2 


2 


180 


64800 


c?4 3^4 as 52 


6 


120 


14400 


3(i4 as 3a 1^ 


12 


128 


7680 


(i4 Zd^ a2 92 3ai 


6 


84 


10080 


(^4 3(^4 52^ ai 


12 


52 


3120 


a4 3(i4 92 ai'^ 


6 


180 


21600 


(i4 3(i4 fli'' 3ai^ 


12 


176 


10560 


a4 as 303-^ 


2 


120 


43200 


di as 3a3^ 


4 


112 


20160 
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type of diagram 


group 


unit volume 

[u=(27*12!)-i] 


total volume 

[m=1/118800] 


a4 as otta ai oa\ 


4 


Z4U 




^ ^ 3 Q--, 
OCt4 Ct3 ^2 0^1 "^^1 





1 OQ 


iOODU 


a4 as ai oai 


1 


OQQ 
ZOO 


1 79Qn 
i ( zoU 


« ^ 4 o „ 


0/1 

Z4 


4o 


1 Q c^n 
iooU 


04 91 3a 1 


3d 


/I /I 

44 


ooU 


304 a-i 92 Cbi 


1 


Q /I 


0U4U 


^ ^3 Q „ 6 

(24 ai oai 




00 /I 
zz4 


44oU 


2 0^2 ^ 

as Jas ai 


Q 


1/1/1 
144 


izyou 


^ ^2 o 3 
as 02 002 




iOz 


y (zu 


as fl2^ 


1 on 


Qn 
oU 


1 Qn 
ioU 


~ 4 Q„ 2 
^3 6'2 


48 


QO 

oz 


/I on 
4oU 


o„ ^2 ^2 -,2 

3os 02 92 ai 


5 


1/1/1 

144 


iz9DU 


as ff2 ai ooi 




988 
Zoo 


8f;4n 
OD^U 


os Soi^ 


48 


256 


3840 


02'' 3ai 


1440 


2187 


1093.5 


02'* 52^ 3ai 


48 


405 


6075 


02^ 3a2^ oi 


72 


189 


1890 


02^ 3a2 92^ a\ 


12 


243 


14580 


02 92 3oi 


120 


21 


126 


52^ ai 


720 


13 


13 


02 oi^ 3oi'' 


120 


288 


1728 


C/2 Oi'^ SOI^ 


120 


224 


1344 


01^ 3ai*5 


720 


320 


320 


3207600 



Total volume of 108 types (units of 1) = 3207600/118800 = 27 = 



N=2 
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N=2 

Order of the automorphism group of the fixed point lattice: 2^^ 3^ 5^ 7^ 

89181388800. 

There are 40 types of afhne diagrams and 435 types of finite diagrams. 



type of diagram 



group 


unit volume 


total volume 




[«=(16*16!)-^] 


[u=1891890"^] 


2 


648 


163296 


2 


512 


129024 


2 


3456 


870912 


2 


648 


163296 


2 


484 


121968 


8 


4000 


252000 


8 


1024 


64512 


20 


5000 


126000 


18 


TO A 

729 


OA /I 1 O 

2U412 


i 


9UU 


4oooUU 


4 


784 


nOTO A 


1 
± 


cinn 


'4;(JOUUU 


4 


2916 


367416 


8 


5488 


345744 


16 


4096 


129024 


16 


16384 


516096 


16 


4096 


129024 


2 


5832 


1469664 


64 


16384 


129024 


u 






24 


20736 


435456 


o 

8 


A C\C\C\ 

4000 


O C OOOO 

252000 







1 iZtilZ 


12 


5184 


217728 


16 


20000 


630000 


24 


15552 


326592 


192 


62208 


163296 


128 


32768 


129024 


288 


69984 


122472 


192 


62208 


163296 


200 


15625 


39375 


192 


10000 


26250 


384 


20736 


27216 


1536 


186624 


61236 


21504 


1048576 


24576 


512 


131072 


129024 



4(2) r,(2) 

4(2) r)(2) 
^11 ^7 

Cio -Be 

(2 " 



(2) 



A, 

i?9 

^9 

As 



2£»6 

2A4 

2^8 

2ES 



S3 



(2)^ 



Ds Bi^ 
A7 2D5 £), 

-^7 -^5 -^4 

Eg 2A 
Dq C4 i^a 



D5 



(2) 



A7 2A3 C3' 



E, 



(2) 



5 C's 
2 



2A, Al^) 



A5 zyi5 

A^^^ 2Di 
2A^ 
2 



Co 



,(2)'' 
'i 

2Ai' 



A^ 

2D4^ 

A^ 2A^ 



D. 



(2)' 
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type of diagram 


group 


unit volume 


total volume 






[m=(16*16!)^^] 


[m=1891890~^] 




24576 


1048576 


21504 




15552 


531441 


17222 




660602880 


268435456 


204 




2752512 


16777216 


3072 


ClO 07 


i 


/U 


oozoU 


ClO 267 


-1 
i 


OD 


0000 A 

zozz4 


cio ^6 2ai 


-1 
i 


no 

yz 


4DODO 


ClO 2e6 ai 


-1 
i 


11/1 


i 4oo 


ClO -^"s 02 


-1 
i 


1 on 
izU 


0U4oU 


ClO 2a4 63 


-1 
i 


ioU 


i? c: con 


ClO ^4 ^0.2 ^Ctl 


-1 
i 


1/1/1 
144 


i ZOiO 




-1 
i 


ioO 


OoU4U 


ag 08 


-1 
i 


1 QH 


rr con 
DOOZU 




1 
i 


11c; 
iiO 


/ you 


09 as 


-1 
i 


c\c\ 

yy 


4yoyo 


09 es 


-1 
i 


A T 


zoboo 


Cg 08 


-1 
i 


oU 


oconn 
zozUU 




-1 
i 


1 nc 
iUo 


044oz 


^ 0^ 
«g -iMB 


-1 
i 


QQ 
00 


A A QKO 
44r50Z 


Mg .^68 


1 
i 


/ D 


oooU4 


Og 07 Oi 


-1 
i 


yo 


AQ'iQA 


6g 67 Oi 


-1 
i 


/4 


i zyb 


Cg 2e7 a\ 


-1 
i 


TA 
/4 


/ zyo 


Clg 207 ^Oi 


Z 


loo 


o4z / z 


5g ag a2 


-1 
i 


1 AT 
14/ 


( 4Uoo 


Og ae 02 


-1 
i 


11/1 

ii4 


/ 4oD 


Cg 06 202 


-1 
i 


70 
/ z 


OOZOO 


Cg 206 O2 


-1 
i 




/inQon 
4UozU 


Og 206 Oi 2ai 


-1 
i 


ocn 
zoU 


1/111 on 
i4iizU 


Og 266 0,1 2O1 


1 
i 


z4U 


izuyDU 


Og 205 63 


-1 
i 


1 QPt 


nnvon 
yU / zL) 


Og 2O5 O3 


-1 
i 


1 fir\ 


cnt^/i n 


bg O5 03 


-1 
i 


ioo 


/OOZ4 


Cg 205 O3 


i 


yu 


4oodU 


Og 204 


z 


1 TK 


AAA nn 


Og 204 64 


2 


170 


42840 


Og 2o4 63 2ai 


2 


220 


55440 


bg 04 03 Oi 


1 


200 


100800 


Cg 64 203 2ai 


1 


104 


52416 


Og 204 2a2 Oi 2ai 


2 


360 


90720 


O8 2o8 Oi 


2 


171 


43092 


08 268 di 


1 


153 


77112 


ba C8 oi 


1 


66 


33264 


68 ds oi 


1 


124 


62496 


^8 es 2ai 


1 


62 


31248 
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type of diagram 


group 


unit volume 


total volume 






[u=(16*16!)"^] 


[m=1891890"^] 


Us Ms CLl 


-1 
1 


iio 


i3o4D4 


es 2es ai 


-1 
1 


Dl 


oU / 44 


bg ai 02 


-1 
1 


1 no 

lyz 


nft7fto 

yo / Do 


68 67 02 


-1 
1 


11/1 


1 400 


U U 

08 67 O2 


-1 
1 


DO 


OOZD4 


C8 67 02 


-1 
1 


1 no 


ri /inQ 


es M'j 02 


-I 
1 


04 


OZZOD 


2es 67 a2 


1 
1 


QQ 
i)6 


4Do ( Z 


C8 ^07 fti 





ioD 


o4z ( Z 


J o„ „ 2 

a8 ^07 cii 




Z4U 


DU4oU 


^ ^2 


-1 
1 


1 0/l 
1/4 


AO/I Oft 
t)Z4yD 


08 «6 03 


1 

i 


ibU 


»Ud4U 


^8 66 C3 


-1 
1 


70 


QftOCC 


C8 06 O3 


-1 

1 


04 


0701 ft 
Z / ZlD 


C8 ^6 C3 


-1 

1 


( D 


OQOf\A 

oooU4 


^08 66 az 


1 
1 


1 QO 

loz 


DDOZo 


68 266 63 


1 

1 


by 


o4/ /O 


268 66 03 


1 

1 


1 Of? 
IZD 


ftQc:n/i 


08 266 2a2 ai 


-1 

1 


ley 


nroF^ft 

yozoD 


68 C6 a2 a\ 


-1 

1 


1 no 
lUz 


0i4Uo 


cs 2ae 02 ai 


-1 

1 


01 n 
zlU 


1 nc:Q/in 


08 66 62 2ai 


1 

i 


loD 


A C /I /t 

D»544 


as 2a6 62 2ai 


-1 

1 


1 OQ 

IZb 


ft/i 
040 IZ 


2^8 ^6 ^2 ai 


-1 

1 


1 on 


yu / zU 


68 06 Ml 


-1 
1 


Oft 

yo 


yi QQQ/l 

48o84 


2es ag 02 fli 


-1 

1 


0Q1 
zol 


1 1 ft/) O/) 

11D4Z4 


08 M5 O4 


1 
1 


1 HQ 


T/l /) QO 

044oZ 


68 05 04 


-I 
i 


01 n 
ziu 


lU0o4U 


68 C5 04 


1 
1 


on 

yu 




^ XI 
08 «5 C4 


1 
1 


on 


/(OQon 
4UozU 


XI ^ f 
C8 65 /4 


-1 
1 


04 


0701 ft 
Z ( ZID 


x7 A ?i 
"8 O5 O4 


-1 
1 


00 

yz 


/IftQftQ 




-1 
1 


QQ 

00 


/I ^ Q CO 


^Us 05 04 


1 
i 


1 An 

IDU 


oUD4U 


^U8 05 04 


1 
± 


144 


/ ZO / D 


68 65 204 


1 


85 


42840 


68 2(i5 64 


1 


76 


38304 


268 05 0,4 


1 


195 


98280 


268 £14 


1 


160 


80640 


68 05 03 ai 


1 


264 


133056 


Cs 2a5 C3 oi 


1 


156 


78624 


C8 20,5 0,2^ 


2 


324 


81648 


^8 205 62 ai 2oi 


1 


264 


133056 


C8 2a4 /4 ai 


1 


110 


55440 


C8 64^ 2ai 


2 


68 


17136 
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type of diagram 


group 


unit volume 


total volume 






[u=(16*16!)"^] 


[m=1891890~^] 


<^o 2/7-, 


2 


7fi 


19152 


/7i-i A hi A fit 
1*3 ^1*4 "4 ^1 


1 

± 






Cl^ O4 ZGl 


9 


1 on 


OUZ4U 


cg 2a4 C3 02 


1 
1 




izuyou 




1 
± 




O^U ( z 


Cs /4 C3 2a2 


1 
± 


1 90 


DU^OU 


tig 1)4 ^il2 ^2 


1 
± 


1 09 


QR7RS 

yo / Do 


Cg M3 C3 


9 


i / D 


4 /I qc9 


dg 2a3 02 ^ai 


9 
Z 


OQQ 

zoo 


iZom 


67 67 C3 


-1 
i 


o4 


4ZOOD 


67 2e7 C3 


-1 
i 


/ U 


oOzSU 


^(17 Ct7 O2 fti 


9 
Z 


1 1^9 


oooU4 


2(l7 67 62 ttl 


-I 
1 


1 Qf^ 
ioD 


00044 


C7 2e7 02 fli 


-1 
1 


1 1 y1 
114 


1 400 


2(^7 67 a2 oi 


1 


1 09 

lyz 


OR7RC 

yo / DO 


(I7 ^(27 dl ^fli 


9 

z 


ZOO 


040iZ 


J(l7 ag C4 


9 
Z 


1U4 


zDzUo 


2a7 eg C4 


-1 
i 


yo 


/I QQQ/1 

4ooo4 


07 ag C4 


1 
i 


lUU 


0U4UU 


^ h -f 

C7 06 74 


-1 
i 


00 


ly ioz 


^U7 eg a4 


-1 
i 


loU 


yu ( zu 


/ 

e? 06 /4 


-1 
i 


00 


909Q9 


2e6 /4 


1 
1 


01 


ZO /U4 


2e7 cg CI4 


1 
1 


1 nn 

lUU 


0U4UU 


2e7 eg C4 


1 
1 


/ 


oyoiz 


fl7 ^'6 C3 2ai 


1 
1 


1 fin 

IDU 


oUD4U 


CI7 2eg 63 Qi 


1 
1 


1/1/1 


/ ZO / D 


Cg tt3 ui 


9 


1 f^9 


OoOU^ 


^Ci7 ctQ Ci3 t*i 


9 


979 
Z 1 z 


uoo^^ 


(-'y C5 a3 ui 


1 
± 




791=17^ 






92 


46368 


ft« hri 2(7,1 


1 


76 


38304 




1 


144 


72576 




2 


144 


36288 


/^f7 2Pfi (7,o^ 


2 


180 


45360 


^7 6g 2a2 62 


1 


108 


54432 


67 2ag 02 62 


1 


210 


105840 


207 C5 


2 


104 


26208 


207 


2 


192 


48384 


67 as C5 


1 


120 


60480 


rf7 65^ 


2 


64 


16128 


2d7 rf5^ 


2 


176 


44352 


67 65^ 


1 


54 


27216 


2e7 C5 


1 


88 


44352 


07 2(^5 64 ai 


2 


136 


34272 
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type of diagram 


group 


unit volume 


total volume 






[u=(16*16!)~^] 


[m=1891890"^] 


„ o J £ „ 

a? -^"5 h 0-1 





1 c^o 
loz 


QOQfl/l 

oOoU4 







zUU 


0U4UU 


207 ds C4 ai 




z 


loD 


o4z / z 


C7 -^as 74 ai 


-I 
i 


/ 


oyoiz 


67 65 2a4 a\ 


1 
i 


IIU 


r C/l /in 
0044U 


67 05 /4 -^ai 


1 
i 


( D 


OOQA/I 

oooU4 


67 ■^"5 /4 Ol 


1 
i 




0Z410 


07 2a5 C3 62 


1 
i 


1 no 
lyz 


yo (Do 


07 ^05 03 a2 




z 


ziO 


044oz 


07 -ids C3 02 


z 


i ( 


44ooZ 


C7 2(^5 C3 02 


1 
± 




( ZO ( D 


67 2a5 C3 62 


1 

± 


lOu 


( ouZ4 




1 

± 




o^u 1 z 




I 


120 






I 


192 


UK) \ \)\J 


'2,(11-7 fir. n-D n 1 *2ni 


2 


288 






1 


156 


78624 


^n-T /7r Ho no /7i 
Ajtxy Lif^ Kii2 '-'Z 


2 


216 


54432 


^LOJ U.5 1^2 (-^l 


2 


288 


72576 




2 


240 


60480 


Pi *2n A Ta fin 


1 


120 


60480 


Ci fA^ Inn 


2 


60 

\J\J 


15120 


67 ^04 /4 O2 


1 

L 


110 

1 lU 




07 04 ^ttl 


A 
4t 


iZo 


1 CI 90 
iOiZo 


_ 2 r> 2 

07 /4 JOi 


/I 

4 


iOU 


zUiOU 


2a7 04 C4 di^ 



z 


onn 


0U4UU 


^ 0^ n 2 
07 za4 C3 



z 


O/I n 
z4U 


£?n/i on 


07 Zu4 C3 




99/1 


9899/1 
Z0ZZ4 


"7 74 -^"3 C3 


9 
z 


1 Q9 


4:0004: 


C7 za4 C3 



z 


119 


98994 

ZOZZ4: 


C7 /4 ^03 C3 


1 
± 


00 




^Ujj 04 t*3 ^2 ^1 


2 


216 


54432 


/I /1 1 9 /ni (-1 /In 9/1-1 
u<7 f-'4 ^2 


9 


1 BO 


4n'^9n 

4:UO^U 


£>r^ 9/1 1 fill /I i-. 9 /I -. 

C7 £iUji4 "3 ^2 ^yJu\ 


1 

± 


940 




t^7 74 03 -^02 -^Ctl 


1 

± 


1 90 




07 203 &3 C3 2ai 


2 


208 


52416 


07 203 €3^ 2ai 


4 


288 


36288 


67 203 &3 C3 2oi 


1 


176 


88704 


07 203^ 62^ 


4 


192 


24192 


07 203 C3 202 62 


2 


240 


60480 


^7 203^ 62^ 


4 


176 


22176 


207 03^ 62 ai^ 


2 


320 


80640 


206 66 C5 


1 


126 


63504 


66 ce C5 


1 


68 


34272 


C6^ 65 


2 


92 


23184 
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type of diagram 


group 


unit volume 


total volume 






[u=(16*16!)"^] 


[m=1891890"^] 


^ 2 





QQ 


001 7ft 
ZZl 10 


Ce 2(^6 C5 


-1 
1 


D4 


OZZOO 


ce 2e6 a5 



z 


loo 


Q/)77ft 

64:1 10 




-1 
i 


iUo 


KA A QO 


ee 2ee C5 



z 


1 no 
iUz 


ZO ( U4 


ae 2ee 74 ai 


1 
1 


lUO 


rr onon 


2ae ce (14 0,1 


1 
1 


01 n 


1U0O4U 


6e Ce (I4 2ai 


-1 
1 


i4U 


7nc^ftn 


be Ce C4 ai 


1 

1 


yz 


/IftQftQ 
4DODO 


oe Ce j4 oi 


-I 
1 


oU 


zozuu 


06 eg 74 ^ai 


-1 
i 


fin 
DU 


oUZ4U 


Ce^ 2a4 oi 




z 


1 Qn 
ioU 


40odU 


Ce 04 Jai 




z 


1 on 


oUZ4U 


ee ^ee (I4 ^ai 




z 


01 n 
ZiU 


C9n9n 
ozyzu 


ee ^ee 74 ai 




z 


(0 


loyuu 


ae be C3 2a2 


-I 
1 


1 Ofi 


DoOU4 


be Ce as 2a2 


1 
1 


1 ns 

iUo 


c /1 409 


&6 Ce 63 02 


-I 
1 


/ 




A W A ?i 

Oe "6 03 02 


1 
1 




4ZOOD 


ee ^ee 03 M2 




z 


1 fiO 

ioz 


4UoZ4 


Ce 2^6 &3 ^2 


9 

z 


ill 


OQ/IO/l 

zy^o^ 


Oe ^Oe C3 ai zai 


1 
± 


1 f;o 


/ DDUo 


/I ^ O/^^ /irt2 

ag zee 1*2 •^ci 


9 
z 


0/0 


yozoD 


Ce za2 02 zai 


9 

z 


1 00 


4ooo4 


Ce 05 2a5 ai 


9 

z 


OSS 
Zoo 


/ ZO / D 


Ce "5 "5 -^"1 


1 

± 


1 09 




Ce -^"s C5 ai 


1 

1 


1 '?9 
loz 


ftftc:9e 

DDOZo 


^ 2 
ae 05 Oi 


9 
Z 


QA 
»4 


01 1 ftQ 


^ae C5 ai 


9 

z 


»4 


91 1 ftQ 


zcie C5 05 zai 


-1 
1 


110 

llz 


0D44O 


ee zas C5 zai 


9 

z 


iOD 


oyoiz 


^ee 05 zdi 


9 

z 


OQQ 
Zoo 


79t=;7ft 
( ZO /o 


ae zds 74 02 


1 
1 


IDO 


Q/)ft79 
04D / Z 


k ^ -f u 
06 «5 74 O2 


1 
1 


ft/1 
04 


QOOCft 

ozzOu 


Ce 65 04 2a2 


-1 
i 


1 c;n 


'Tcftnn 


Ce &5 /4 02 


1 


78 


39312 


Ce C5 64 2a2 


1 


96 


48384 


de 65 &4 a2 


1 


132 


66528 


rff, ^5 /4 ^2 


1 


84 


42336 


2de C5 a4 62 


1 


120 


60480 


ee 205 C4 2o2 


2 


126 


31752 


ee 205 /4 62 


2 


84 


21168 


2ee 05 04 202 


2 


225 


56700 


2ee 05 fi 02 


2 


117 


29484 


6e <i5 C4 oi 2oi 


1 


192 


96768 



N=2 
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type of diagram 


group 


unit volume 


total volume 






[u=(16*16!)-^] 


[«=1891890"^] 


ug ^ci5 C4 ai ^fti 


1 
i 


ZLD 


iUooD4 


^ A A ^ 2 

(16 O5 O4 Oi 


1 


loz 


(DOUo 


dg 65 C4 fli 2ai 


1 


ono 


iU4ooz 


ttQ 2a5 63 C3 


1 


IZD 


DoJDU4 


^6 05 63 C3 


1 


yo 


A QQO/I 
40004 


C6 65 as 63 


-1 
1 


llz 


Kf^A AQ 


a6 ^as 03 C3 


-1 
1 


lUo 


C/l yl QO 

JD44oZ 


«6 O5 O3 C3 


i 




0Z4i0 


66 2a5 63 C3 





1 no 
lUz 


Zi3 /U4 


2e6 a5 03 63 




lt)o 


4ZOOD 


206 as <i3 62 fli 


1 


OOD 


lDyo44 


C6 C5 za3 02 ^ai 


1 
± 




/ ZD 1 D 


2(^6 as C3 62 «i 


1 
± 


luo 


o4D / Z 


"e 05 03 za2 ui 


1 

± 


000 


±Dyo44 




1 

± 






^ug C5 C3 a2 u-i 




132 




/^c /7 c 2/7 0^ />o 


2 


324 


81648 




2 


297 


74844 


/7,K 2/7 /I ^ A Co 


1 


140 


70560 


/)« /7,/i 7/1 Co 
'-'0 "'4 J 4 "^o 


1 


70 


35280 


Ca hA Ca ho 
'-'D "^4 '-'4 "^o 


1 


76 


38304 


Cfi 6a fd c-x 


1 


60 


30240 


'^O J 4 '-'0 


2 


46 


11592 


(ig 2a4 C4 63 


1 


140 


70560 




2 


192 


48384 


(^6 64 C4 63 


1 


136 


68544 


06 /4^ 2a2 2ai 


2 


126 


31752 


^6 04 C4 2a2 oi 


1 


150 


75600 


6fi C4 /'4 do a^ 


1 


78 


39312 


'-'u 4 '^z '-''1 


2 


76 


19152 


Cg 64 C4 62 2tti 


1 


104 


52416 




2 


136 


34272 


(*g ^1*4 '-''1 








06 C4 O3 O3 Oi 


1 
± 


119 


OU^40 


06 C4 O3 ZOi 


9 
z 


I 7fi 

I I U 


^^00 Z 


rfe /4 63^ 2oi 


2 


104 


26208 


66 .A &3 202^ 


2 


99 


24948 


C6 04 203 2a2 62 


1 


240 


120960 


C6 64 03 202 62 


1 


168 


84672 


C6 64 203 O2 62 


1 


120 


60480 


2e6 0,4 63 


2 


225 


56700 


266 h «:i tt2^ 


2 


162 


40824 


(i6 64 63 62 ai 2ai 


1 


176 


88704 


^6 C4 63 2a2 oi 2ai 


1 


288 


145152 


rfe 2^4 203 02 oi^ 


2 


384 


96768 
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type of diagram 


group 


unit volume 


total volume 






[u=(16*16!)"^] 


[«=1891890"^] 




2 


448 


1 1 98Qfi 


fid '^fi A n-i'^ l.n-x'^ 

tig '-'3 ""1 ^tti 


2 




80640 


/^i- /7o *^no^ /in 


2 


176 


44352 


(7c. hi, ^ /)o 
1*6 ^3 ^2 


2 


120 


■^0940 


"6 "3 f-S -^"2 


9 


1 44 


OU^oo 




A 


( 


79 ^7(^ 


2a3 63 C3 ai 2ai 


1 
1 


994 
ZZ4 




zae «3 C3 ui 


9 


1 Q9 
lyz 




1x5 ■"'-''5 '-'2 


9 


ouu 


00790 




2 


324 






2 


180 


45360 


J 2 
1/5 0,5 u-i 


2 


112 


28224 


u-^ '-*'4 '-'0 


2 


240 


60480 


r7,c; 2r7,c; Ca hrt 

^0 Id '-'4 '-'0 


2 


120 


30240 




2 


102 


25704 


rt.c /)r fl^ 2^-3 

u<5 1*4 


1 


240 


120960 

A- kJ \J\J 


/7c- /)j rjo 
•^5 "-'5 '-'4 '-*'3 


1 


168 


84672 




1 


96 


48384 


(^5 Ci4 1*3 


2 


120 


30240 




2 


72 


18144 


*7r^ 2/7^ 2/7o 


2 


240 




r/r^ 


4 


994 


9J^994. 


rir-^ On. On^ n ^ 
^114. ^tl2 ^lll 


9 


ouu 


Q0790 
yu ( zu 


1 2 1 


9 


1 "^9 
loz 


OOZ04 


65 (^5 2(24 (^2 


1 
i 


ioU 


yU i zU 


65 (^5 C4 2a2 Oi 


1 
i 


ino 


o4D / Z 




9 


c/U 


941 Q9 

Z4: 1 yz 


0-5 2(3,5 ^4 0-1^ 2c!-i 


9 


•^l 9 
OIZ 


i oDZ'i 


05 2a5 63 C3 ai 


9 

z 


iOD 


0Q01 9 


05 zos C3 ai 


9 

z 


91 P, 
ZID 


C^/l/l 09 
044oZ 


''5 (^5 03 2a3 ai 


1 
1 


ZOO 


1 9009/1 


as za3 Joi 


Q 


OQO 
ZOO 


1 Q1 /I /I 


as za3 za2 02 


9 

z 


4oZ 


iUooD4 


n^2 L '>o„2 

as ti3 ^a2 


a 



Oi7U 




t/'5 ^(^5 ''3 '-''2 '-^2 


9 


9^19 




2as cs C3 02 2 


2 


216 


54432 


as 2as 03 ^2 ai 2ai 


2 


384 


96768 


as 2as &3 02 ai 2ai 


2 


252 


63504 


as^ 2a2^ 2ai 


8 


432 


27216 


as^ 2a22 b2 2ai 


8 


504 


31752 


as a4 204^ 


2 


225 


56700 


6s 2a4 


2 


175 


44100 


Cs 64 C4 


2 


52 


13104 


Cs /4' 


6 


34 


2856 


ds 04 204^ 


2 


200 


50400 



N=2 
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type of diagram 


group 


unit volume 


total volume 






[«=(16*16!)-^] 


[u=1891890"^] 


dt^ ca 


2 


96 


24192 




4 


160 


20160 


J^A Ca bt *2n-\ 


1 


144 


72576 


"5 J 4 ^3 -^t*! 


2 


96 


24192 


fir fl^ Ha n .-> /It 

f5 *-'4 "^4 "'o ^1 




192 


96768 

ijyj i (JO 


f)r c A fiA hi n 1 

4 l-t'4: '-'v> U/J^ 


1 


136 


68544 


/}c; Ca fA Hi Hi 


1 


112 


56448 


"-5 J 4 ■^"'2 


4 


QQ 


12474 


*in r r' A ^A fi 


2 


126 


31752 


1- r\ i /in / 1 , A n -t 

"^4 ^^2 


9 


144 


ou^oo 


/4 -^^2 


z 


o4 


91 1 
ZiiDo 


/4 as a2 



z 


940 
Z4tU 


0U4oU 


a5 Za.4 C3 (3-1 



z 


94n 


DU4oU 


05 ^ Ci4 03 (X 1 Z Ci 1 


9 
z 


1 9n 

IZU 


Qn94n 

OUZ4U 


ri- n. On 2^2 


/I 

41: 


9SS 
Zoo 


oDZoo 


US C4 03 za2 Ol 


9 
Z 


9^9 
zoz 


«Qtcn4 

OOOU41; 


^015 '-'4 ^3 ^2 ^th\ 


2 




90720 

%J\J 1 Z)W 




e 





'J\J'-i\j 


2r7r; Oq^ Tq^ 


4 


224 


28224 


•^5 "^o ■^^0 '-'2 '-t'l 


2 


384 


96768 




2 


192 


48384 


/7c /7o /)o /7i 


4 


352 


44352 




6 


160 


13440 


cic^ h-i. ao^ 2a9^ 2ai 


4 


432 


54432 


05 02^ 20,2'' 


8 


405 


25515 


04^ 2a4^ fli 


8 


275 


17325 


04 64^ C4 2ai 


2 


100 


25200 


ft4 f,!*^ 2ai 


6 


70 


5880 


&4^ C4^ Ol 


4 


68 


8568 


1/4 1*4 ^1 


4 


240 


30240 


ll A f A ft-i 

^4 M J 4 t*l 


2 


76 


19152 


C4^ 2ai 


24 


176 


3696 


C/fi ill 2(7,1 
*^4 J 4 


6 


104 


8736 


(i4^ 2(^4^ ttl 


24 


208 


4368 


-f 4 

/4 ai 


24 


25 


525 


04 /4^ &3 202 


2 


75 


18900 


2a4 C4 /4 03 02 


1 


180 


90720 


64 C4^ 63 02 


2 


108 


27216 


64 C4^ C3 62 


2 


88 


22176 


C4^ 63 62 


6 


120 


10080 


C4^ C3 202 


6 


144 


12096 


Ci /4 03 202 


2 


168 


42336 


C4^ /4 2O3 02 


2 


120 


30240 


/4^ 03 202 


6 


54 


4536 
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type of diagram 


group 


unit volume 


total volume 






[«=(16*16!)-^] 


[u=1891890"^] 




6 


39 


3276 


bd^ ca ai bi ai 


2 


108 


27216 


&4 04^^ &2'^ a\ 


2 


120 


30240 


64 (i4^ 62^ 2ai 


4 


288 


36288 


2d4 b2 2ai'* 


12 


256 


10752 


6^4 2d/^ (I2 tti^ 


12 


336 


14112 


a4 2(i4 C3^ 


6 


160 


13440 


2 i 2 


4 


160 


20160 


C4^ 2a3 03^ 


4 


112 


14112 


C4 2^4 C3^ 


6 


80 


6720 


C4 .A 03^ 2a3 


2 


256 


64512 


fi b^^ 


6 


68 


5712 


2^4 /4 03^ 


6 


352 


29568 


-f 2 ,2 
/4 a3 03 


4 


56 


7056 


64 C4 a3 &3 &2 ai 


1 


160 


80640 


C4 ^4 63^ 62 ai 


2 


208 


52416 


C4 (i4 63 ai^ 2ai 


2 


288 


72576 


64 (^4 ^3 2a2 62^ 


2 


240 


60480 


d4^ 63 


12 


352 


14784 


J, 2 7 2 2 

04 as 02 ai 


4 


160 


20160 


64 ^4 63 62^ a,\^ 


2 


208 


52416 


di^ 2a3 62^ 2ai^ 


8 


320 


20160 


2^4^ 03 ai^ 


24 


512 


10752 


^4 2^4 C3 fli''^ 2ai^ 


6 


352 


29568 


C42 62"* 2ai 


8 


144 


9072 


d4^ 2a2 62^ 2ai 


12 


384 


16128 


d4^ 62'* 2ai 


48 


448 


4704 


C4 as^ 2a3^ ai 


8 


352 


22176 


^4 63'' ai 


24 


104 


2184 


dd b-i'^ C3 ai 


6 


144 


12096 


2(^4 03** 2ai 


48 


896 


9408 


2(i4 c^^ ai 


24 


104 


2184 


9 T 2 

a4 a3 2a3 02 


4 


240 


30240 


64 a3^ 2a3 bo^ 


4 


192 


24192 


(^4 03 203^ 62^ 


8 


224 


14112 


(^4 a3 bs^ 62^ 


4 


256 


32256 


<i4 &3^ 012 &2 


6 


168 


14112 


C4 a3^ 2a3 a2 2ai^ 


4 


576 


72576 


C4 03 63^ 2a2 ai^ 


2 


240 


60480 


2(i4 03^^ 2a2 ai^ 


12 


768 


32256 


2^4 cs'^ a2 ai 2ai 


6 


168 


14112 


C4 a3^ 2ai^ 


24 


896 


18816 


I, 3 4 

C4 03 ai 


6 


208 


17472 


2^4 as^ 2a3 ai^ 


8 


640 


40320 



N=2 
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type of diagram 


group 


unit volume 


total volume 






[m=(16*16!)-^] 


[u=1891890"^] 


2(^4 03 C3^ ai^ 2ai^ 


4 


256 


32256 


dA hn^ ho^ 0,1^ 


4 


352 


44352 


r/^ /)Q /jo"^ oi"^ 2oi 


6 


448 


37632 


t*4 '-'o '^l ^Ui\ 


24 


768 


16128 


f^A hn^ n-i 


24 


176 


3696 


^, /,„5 3 


24 








192 


896 


2352 




8 


224 


14112 


*7q2 2/7q 2n-i ^ 


8 


320 


20160 


rto*^ Orto 2(iri ^ 


32 


1024 


16128 


u-3 ^u-3 1*1 


16 


768 


24192 


/7,Q^ 2f7Q^ flo /)o 


8 


480 


30240 




16 


288 


9072 




48 


1152 


12096 


fl.Q ho^ hn CIa ^ 
"-*'o '-'0 ^2. ""i 


6 


256 


21504 


(73 U2 u-i 


24 


168 


3528 




24 


128 


2688 


ai.'^ 2ai^ 


192 


1280 


3360 




24 


176 


3696 


as ao^ 2a2^ 


24 


486 


10206 


63 02^^ 2a2^ 


24 


405 


8505 


C3 62'' 


168 


112 


336 


a-i ai ^ 


48 


384 


4032 


L/3 t/j u-i 


24 


576 


12096 




384 


1024 


1344 


Ci. cii ^ 2ai^ 

^0 J_ 


168 


896 


2688 


02^ 2a2^ ai 


192 


567 


1488.375 


a2 &2^ ai 


168 


240 


720 


62^ ai 


1344 


144 


54 


62^ 


192 


1792 


4704 


62'* ai^ 2ai 


192 


1280 


3360 


02 ai' 2a\^ 


1344 


1152 


432 




20160 


10240 


256 


62 ai^ 2ai^ 


1344 


1024 


384 


ai^^ 2ai 


322560 


12288 


19.2 


ai" 2ai8 


10752 


1280 


60 


30270240 



Total volume of 475 types (units of 1) = 30270240/1891890 = 16 = y/f . 



Appendix B 



There are 18 hyperbolic Lie algebras of rank greater or equal to 7, falling into 5 
families, AEn, BEn, CEn, DEn, and Tr^s,t- We list all of them and give multiplic- 
ities for a limited number of roots of small height. For simply laced algebras, we 
compare to the global upper bound given in theorem 1.4. (Note that this theorem 
does not apply to the families BEn and CEn.) Even though we can only give very 
few values they still provide some indication of the quality of the upper bounds. It 
may be observed that the multiplicities for roots of level 1 all conform to formula 
(6.8). The values 

Prank-2(1 ^) 

provide material for many intriguing conjectures in this context. They are printed 
for this purpose only. From the point of disproving any existing conjectures the 
table of r4^3.3 may be the most interesting. It shows that T/^^^^^ contains roots 
of multiplicities both larger and smaller than pg. All root multiplicities in this 
appendix were calculated by a program based on the Peterson recursion formula 



Kac9C], p.210). 



The algebra Eiq = 17^3^2 has been studied extensively in |KMW88] where the 
root multiplicities for level 0,1, and 2 were determined explicitly. The table for ii'io 
contains, for some small negative norms r^, the explicit multiplicities as determined 
by | KMW88 for levels 1 and 2, and the global upper bound as provided by theorem 
1.4. We see that this bound provides a reasonably good approximation. 
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111 



-'-'4 


= AEy C ^3 


root-coefficients 


norm 


mult 


thm 
1.4 


P5 








0, 1, 1, 1, 1, 1, 1 





5 


5 


5 




Q!4 as 


1, 2, 2, 2, 2, 2, 2 


-2 


20 


21 


20 








2, 4, 3, 2, 1, 2, 3 


-2 


20 


21 


20 






2, 4, 3, 2, 2, 2, 3 


-4 


65 


71 


65 


( 




1, 3, 3, 3, 3, 3, 3 


-4 


65 


71 


65 








2, 4, 3, 3, 3, 3, 3 


-6 


189 


217 


190 






2, 5, 4, 3, 2, 3, 4 
1, 4, 4, 4, 4, 4, 4 


-6 
-6 


190 
190 


217 
217 


190 
190 








3, 6, 5, 4, 3, 2, 4 


-6 


190 


217 


190 








2, 5, 4, 3, 3, 3, 4 


-8 


502 


603 


506 








2, 4, 4, 4, 4, 4, 4 


-8 


500 


603 


506 


iff = 


= ^£^8 C 03 


root-coefficients 


norm 


mult 


thm 
1.4 


Pfi 








0, 1, 1, 1, 1, 1, 1, 1 





6 


6 


6 






1, 2, 2, 2, 2, 2, 2, 2 


-2 


27 


28 


27 




2, 4, 3, 2, 1, 1, 2, 3 


-2 


27 


28 


27 






^ai 


2, 4, 3, 2, 2, 2, 2, 3 
1, 3, 3, 3. 3. 3, 3, 3 


-4 
-4 


97 

98 


105 
105 


98 
98 








2, 4, 3, 3, 3, 3, 3, 3 


-6 


310 


350 


315 








2, 5, 4, 3, 2, 2, 3, 4 


-6 


309 


350 


315 








3, 6, 5, 4, 3, 2, 2, 4 


-6 


309 


350 


315 








3, 6, 4, 2, 2, 3, 4, 5 


-6 


309 


350 


315 








1, 4, 4, 4, 4, 4, 4, 4 


-6 


315 


350 


315 








2, 5, 4, 3, 3, 3, 3, 4 


-8 


894 


1057 


918 




= AEg c 02 


root-coefficients 


norm 


mult 


thm 
1.4 


Pi 








0, 1, 1, 1, 1, 1, 1, 1, 1 





7 


7 


7 








1, 2, 2, 2, 2, 2, 2, 2, 2 


-2 


35 


36 


35 




/a 


»a9 


2. 4. 3, 2, 1. 1. 1, 2. 3 


-2 


34 


36 


35 




2, 4, 3, 2, 2, 2, 2, 2, 3 


-4 


136 


148 


140 


"5 , 




• 


1, 3, 3, 3, 3, 3, 3, 3, 3 


-4 


140 


148 


140 




a2 


2, 5, 4, 3, 2, 1, 2, 3, 4 


-4 


132 


148 


140 






3, 6, 5, 4, 3, 2, 1, 2, 4 


-4 


133 


148 


140 






3, 6, 4, 2, 1, 2, 3, 4, 5 


-4 


133 


148 


140 








2, 5, 4, 3, 2, 2, 2, 3, 4 


-6 


464 


534 


490 








2, 4, 3, 3, 3, 3, 3, 3, 3 


-6 


475 


534 


490 








2, 5, 4, 3, 3, 3, 3, 3, 4 


-8 


1464 


1738 


1547 



112 
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hP = BEr 



Q!5 



ae 0:4 0:3 0:2 



ai 



root-coefficients 


norm 


mult 


2. 2. 2, 2, 1. 1. 





5 


3, 3, 3, 3, 1, 2, 1 


-2 


6 


4, 4, 4, 4, 2, 2, 1 


-4 


21 


5, 5, 5, 5, 2, 3, 1 


-6 


26 


3, 4, 5, 6, 3, 4, 2 


-6 


26 


/I /I f; .'1 9 
4, 4, 0> 0> 0. -i. z 


-8 


71 


fi fi fi R 1 
D, D, 0, D, 0, 0, 1 


o 

-o 


71 


a a fi fi A 
0, 0, D, D, Z, 4, z 


Q 

-o 


71 


r r r f! Q /I 
0. 0. 0, D, 0. 4, Z 


-10 


91 


7 7 7 7 Q /I 1 


-10 


91 


a a fi fi A o 

D, D, D, 0, 0, 4, Z 


-12 


01 7 
Zi ( 


root-coefficients 


norm 


mult 


2, 2, 2, 2, 2, 1, 1, 





6 


3, 3, 3, 3, 3, 1, 2, 1 


-2 


7 


4, 4, 4, 4, 4, 2, 2, 1 


-4 


28 


2, 3, 4, 5, 6, 3, 4, 2 


-4 


28 


3, 3, 4, 5, 6, 3, 4, 2 


-6 


34 


0, 0, 0, 0, 0, Z, O, i 


-6 


34 


AAA ^ R A 'y 
4, 4, 4, 0, D, O, 4, Z 


-8 


105 


D, D, D, 0, O, O, o, 1 


Q 

-o 


105 


0, D, D, D, D, Z, 4, Z 


-0 


1 

iUO 


0, 0, 0, 0, D, O, 4, Z 


-iU 


iOi 


D, D, D, 0, O, O, 4, Z 


1 
-iZ 


o4y 


root-coefficients 


norm 


mult 


2, 2, 2, 2, 2, 2, 1, 1, 





7 


3, 3, 3, 3, 3, 3, 1, 2, 1 


-2 


8 


1, 2, 3, 4, 5, 6, 3, 4, 2 


-2 


8 


4, 4, 4, 4, 4, 4, 2, 2, 1 


-4 


36 


2, 2, 3, 4, 5, 6, 3, 4, 2 


-4 


36 


3, 3, 3, 4, 5, 6, 3, 4, 2 


-6 


42 


5, 5, 5, 5, 5, 5, 2, 3, 1 


-6 


43 


4, 4, 4, 4, 5, 6, 3, 4, 2 


-8 


147 


6, 6, 6, 6, 6, 6, 3, 3, 1 


-8 


148 


6, 6, 6, 6, 6, 6, 2, 4, 2 


-8 


148 


5, 5, 5, 5, 5, 6, 3, 4, 2 


-10 


179 



H. 



(8) 



BEs 



ag Q!7 0^5 Q;4 Q!3 a2 



(9) 



BEg 

mOi-j 



ag as Q!6 as 0:2 



ai 



H^'^^ = BE 



10 



as 



am n., n-^ 



root-coollicicnts 


norm 


mult 


2, 2, 2, 2, 2, 2, 2, 1, 1, 





8 


3, 3, 3, 3, 3, 3, 3, 1, 2, 1 


-2 


9 


1, 1, 2. 3, 4, 5, 6, 3, 4, 2 


-2 


8 


1. 1. L 1. 4. 4. 4. 2. 2. 1 


-4 


4') 


2. 2. 2. :l 1. :k (k :1. 1, 2 


-1 


11 
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a\ a2 CC3 <^6 



root-coefficients 


norm 


mult 


0. 1. 2, 1, 2, 2, 1 





4 


0, 2, 4, 2, 4, 4, 2 





5 


1, 2, 4, 2, 4, 4, 2 


-2 


15 


2, 4, 6, 3, 5, 4, 2 


-4 


44 


1, 3, 6, 3, 6, 6, 3 


-4 


44 


2. 4. 6, 2, 6, 6, 3 


-4 


50 


2, 4, 6, 3, 6, 6, 3 


-6 


122 


1, 4, 8, 4, 8, 8, 4 


-6 


121 


2; 5; 8, 4, 7, 6, 3 


-8 


304 


2, 5, 8, 3, 8, 8, 4 


-8 


304 


2, 4, 8, 4, 8, 8, 4 


-8 


311 


3, 6, 9, 4, 8, 7, 3 


-10 


725 



H. 



(8) 



CEa 



ai ai Q!3 Q!5 Q!6 Q;7 



as 



root-coefficients 


norm 


mult, 


0, 1, 2, 1, 2, 2, 2, 1 





5 


0, 2. 4. 2, 4. 4. 4, 2 





6 


1, 2, 4, 2, 4, 4, 4, 2 


-2 


21 


2, 4, 6, 3, 5, 4, 3, 1 


-2 


21 


2, 4. 6. 3, 5. 4. 4, 2 


-4 


71 


1, 3, 6, 3, 6, 6, 6, 3 


-4 


70 


2, 4, 6, 2, 6, 6, 6, 3 


-4 


77 


2, 4, 6, 3, 6, 6, 6, 3 


-6 


215 


2, 5, 8, 4, 7, 6, 5, 2 


-6 


218 


1, 4. 8. 4, 8. 8. 8, 4 


-6 


212 


2, 5, 8, 4, 7, 6, 6, 3 


-8 


596 


3, 6, 9, 4, 8, 7, 6, 3 


-10 


1555 



(9) 



• a4 



Q!i a.1 Q!3 Q!5 a% ar as 



root-coefficients 


norm 


mult 


0, 1, 2, 1, 2, 2, 2, 2, 1 





6 


0, 2, 4, 2, 4, 4, 4, 4, 2 





7 


1, 2, 4, 2, 4, 4, 4, 4, 2 


-2 


28 


2, 4, 6, 3, 5, 4, 3, 2, 1 


-2 


29 


2, 4, 6, 3, 5, 4, 4, 4, 2 


-4 


106 


1, 3, 6, 3, 6, 6, 6, 6, 3 


-4 


104 


2, 4, 6, 2, 6, 6, 6, 6, 3 


-4 


112 


2, 4, 6, 3, 6, 6, 6, 6, 3 


-6 


349 


2, 5, 8, 4, 7, 6. 5. 4, 2 


-6 


357 


2, 5, 8, 4, 7, 6, 6, 6, 3 


-8 


1058 





(Q!4 


root-coefficients 


norm 


m\ilt 




( 


0, 1, 2, 1, 2, 2, 2, 2, 2, 1 





7 




• • ( 


» • • • • • C • 


0, 2, 4, 2, 4, 4, 4, 4, 4, 2 





8 




ai a2 


0:3 0:5 ae "7 "8 "9 "10 


1, 2, 4, 2, 4, 4, 4, 4, 4, 2 


-2 


36 








2, 4, 6, 3, 5, 4, 3, 2, 2, 1 


-2 


37 
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hP = DEr 



ai ai Q!3 Q!5 Q!7 



root-coefficients 


norm 


mult 


thm 
1.4 


Vb 


0, 1, 2, 1, 2, 1, 1 





5 


5 


5 


1, 2, 4, 2, 4, 2, 2 


-2 


20 


21 


20 


2, 4, 6, 3, 5, 2, 2 


-4 


65 


71 


65 


1, 3, 6, 3, 6, 3, 3 


-4 


65 


71 


65 


2, 4, 6, 2, 6, 3, 3 


-4 


65 


71 


65 


2, 4, 6, 3, 6, 3, 3 


-6 


190 


217 


190 


1, 4, 8, 4, 8, 4, 4 


-6 


190 


217 


190 


2, 5, 8, 4, 7, 3, 3 


-8 


506 


603 


506 


2, 5, 8, 3, 8, 4, 4 


-8 


505 


603 


506 


2, 4, 8, 4, 8, 4, 4 


-8 


505 


603 


506 


2, 5, 8, 4, 8, 4, 4 


-10 


1263 


1574 


1265 


root-coefficients 


norm 


mult 


thm 
1.4 


P6 


0, 1, 2, 1, 2, 2, 1, 1 





6 


6 


6 


1, 2, 4, 2, 4, 4, 2, 2 


-2 


27 


28 


27 


2, 4, 6, 3, 5, 4, 2, 1 


-2 


27 


28 


27 


2, 4, 6, 3, 5, 4, 1, 2 


-2 


27 


28 


27 


2. 4. 6, 3. 5. 4, 2, 2 


-4 


98 


105 


98 


1, 3, 6, 3, 6, 6, 3, 3 


-4 


98 


105 


98 


2, 4, 6, 2, 6, 6, 3, 3 


-4 


98 


105 


98 


2, 4, 6, 3. 6. 6, 3, 3 


-6 


314 


350 


315 


2, 5, 8, 4, 7, 6, 3, 2 


-6 


315 


350 


315 


2, 5, 8, 4, 7, 6, 2, 3 


-6 


315 


350 


315 


2, 5, 8, 4, 7, 6, 3, 3 


-8 


914 


1057 


918 



= DEs C 



di a.1 a-i a% 



(9) 



DEq 

|Q!4 



as 



ai a-i a-i a^ ag 0:7 a<j 



root-coefficients 


norm 


mult 


thm 
1.4 


Vi 


0, 1, 2, 1, 2, 2, 2, 1, 1 





7 


7 


7 


1, 2, 4, 2, 4, 4, 4, 2, 2 


-2 


35 


36 


35 


2, 4, 6, 3, 5, 4, 3, 1, 1 


-2 


35 


36 


35 


2, 4, 6, 3, 5, 4, 4, 2, 2 


-4 


139 


148 


140 


1, 3, 6, 3, 6, 6, 6, 3, 3 


-4 


140 


148 


140 


2. 4. 6, 2, 6. 6. 6, 3. 3 


-4 


140 


148 


140 


2, 4, 6, 3, 6, 6, 6, 3, 3 


-6 


485 


534 


490 


2, 5, 8, 4, 7, 6, 5, 2, 2 


-6 


484 


534 


490 


2, 5, 8, 4, 7, 6, 6, 3, 3 


-8 


1522 


1738 


1547 


root-coefficients 


norm 


mult 


thm 
1.4 


P8 


0, 1, 2, 1, 2, 2, 2, 2, 1, 1 





8 


8 


8 


1, 2, 4, 2, 4, 4, 4, 4, 2, 2 


-2 


44 


45 


44 


2, 4, 6, 3, 5, 4, 3, 2, 1, 1 


-2 


43 


45 


44 


1, 3, 6, 3, 6, 6, 6, 6, 3, 3 


-4 


192 


201 


192 



= DEr^ c Qi 

|Q!4 



a\ a'2. as 0:5 a% ar as aio 
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iff ^ = T4,3,3 C 03 
40:5 



ai 012 Q!3 Q!4 a-j ag 



root-coefficients 


norm 


mult 


thin 
1.4 


P6 


0, 1, 2, 3, 2, 1, 2, 1 





5 


5 


5 


1, 2, 4, 6, 4, 2, 4, 2 


-2 


27 


28 


27 


2, 4, 6, 8, 5, 2, 5, 2 


-4 


98 


105 


98 


1. 3, 6, 9, 6, 3, 6, 3 


-4 


98 


105 


98 


2, 4, 6, 9, 6, 3, 6, 3 


-6 


315 


350 


315 


1, 4, 8, 12, 8, 4, 8, 4 


-6 


315 


350 


315 


2. 5. 8, 11, 7, 3. 7. 3 


-8 


918 


1057 


918 


2, 4, 8, 12, 8, 4, 8, 4 


-8 


917 


1057 


918 


3, 6, 9, 12, 8, 4, 7, 2 


-6 


316 


350 


315 


3, 6, 9, 12, 7, 2, 8, 4 


-0 


316 


350 


315 


2, 5, 8, 12, 8, 4, 8, 4 


-10 


2491 


2975 


2492 


3. G. 9. 12. 8. 4. 7. 3 


-10 


2493 


2975 


2492 


3, 6, 9, 12, 7, 3, 8, 4 


-10 


2493 


2975 


2492 


3, 6, 9, 12, 8, 4, 8, 4 


-12 


6372 


7883 


6372 


2, 6, 10, 14, 9, 4, 9, 4 


-12 


6368 


7883 


6372 


3, 6, 10, 14, 9, 4, 9, 4 


-14 


15524 


19900 


15525 



if, 



(9) 



■ ^5,4, 2 C Q2 



ai a2 0:3 0:4 as a^ as cxg 



root-coefficients 


norm 


mult 


thm 
1.4 


P7 


0, 1, 2, 3, 4, 2, 3, 2, 1 





7 


7 


7 


1, 2, 4, 6, 8, 4, 6, 4, 2 


-2 


35 


36 


35 


2. 4. 6. 8. 10. 5. 7. 4. 1 


-2 


35 


36 


35 


2, 4, 6, 8, 10, 5, 7, 4, 2 


-4 


140 


148 


140 


1, 3, 6, 9, 12, 6, 9, 6, 3 


-4 


140 


148 


140 



H2^^^ = Elo = 77,3,2 C G2 

• "4 



ai 0.2 Q!3 0:5 Q!6 Ct7 Ct8 Q^9 CtlO 



norm 


level 0,1 
|KMW88| 


level 2 
|KMW88| 


thm 1.4 





8 




8 


-2 


44 


44 


45 


-4 


192 


192 


201 


-6 


726 


727 


780 


-8 


2464 


2472 


2718 


-10 


7704 


7747 


8730 


-12 


22528 


22712 


26226 


-14 


62337 


63020 


74556 


-16 


164560 


166840 


202180 
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Notation 



The following list comprises all non-standard notations used in this work. It 
refers to the chapter where the notation is introduced and also gives a brief indi- 
cation of its meaning. Note that we use the standard set in | Kac90| for finite and 
affine Lie algebras. They are therefore not listed below. 



A E 






(A i) 


2.1 


plpTTiPTif nf t rip TTipf flnlpr'tir' orniTn 


AutfA'^'l 

Lt Lilt J 


5.3 


ormm of Pintnmnr'nIiimTm nf A*^ fViaf fiY flip nriciTi 


Aut(iJ) 


5.3 


group of fljUtornorpliisms fixing cl liolc H of 7^ 




B 


hyperbolic Lie algebra 


c 


1.1.1, 5.2 


Cartan matrix 


c 


4.1 


24-diniensional Golay-code 


CEn 


B 


hyperbolic Lie algebra 


D 


5.2 


diagonal matrix 


DEn 


B 


hyperbolic Lie algebra 


d 


5.2 


factor relating 5'^ = hv^^^ 


Ej- 


1.5 


part of A/a of grade r e 1/25, i 


Eio 


B 


hyperbolic Lie algebra 




1.3 


element of the central extension of the Leech lattice 


F 


2.1 


the Fricke involution 


G{C) 


1.1.1 


GKM generated from generalized Cartan matrix C 




1.1.2 


GKM centrally extended by degree derivations 


Qn 


1.6 


the GKM constructed in theorem 1.6 


GO\,{N) 


4.1 


the general orthogonal group over (Zjv)*^ of Witt type e 


H 


5.2 


subset of TZ that constitutes the vertices of a hole 


(H) 


5.2 


hole in its spatial meaning 


n 


2.1 


the upper half complex plane 




1.4 


{n + l)-dimensional even unimodular Lorentzian lattice 


Ki2 


4.0 


the Coxeter-Todd lattice 


L 


4.1 




L 


1.6, 5.1 


A" ® 


L* 


3.1 


the dual lattice of L 




3.1 


the orthogonal complement of L with respect to A 


L* + 


1.5 


the positive roots in L* 


Ln 


1.3 


operators forming the Virasoro algebra 


M 


1.6 


24 


Mp 


2.1 


the metaplectic group, double cover of F 


Ma 


1.4 


the fake monster Lie algebra 


N 


1.6 


order of the automorphism cr, that is 2, 3, 5, 7, 11, or 23 


NA 


5.3 


Dynkin diagram entirely of long roots 
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0%i{N) 4.1 the 'generically simple' orthogonal group over (Zjv)^ of 
Witt type e 

P" 1.3 physical space as subspace of a vertex algebra 

Per 1.7 coefficients of the q expansion of l/jjo- 

Q the rational numbers 

Q 1.3 vertex operator 

q 2.1 element of the unit disc, q = e^'^*'^ 

R the real numbers 

TZ 5.1 elements of A"^ and A"'* representing the simple roots of 
Gn 

Uduai 5.1 =7enA'^* 

TZf^^ 5.1 =7^nA'' 

r-jz 5.2 radius function 

(r, i) 1.5, 5.1 greatest common divisor of {r,v),v € L 

5 2.1 one of the generators of F 

S„ 1.4 the part of the symmetric algebra 5 of Z grading n 

SOlf{N) 4.1 the special orthogonal group over (Zjv)''^ of Witt type e 

Tr^s,t B hyperbolic Lie algebra 

U{C) 1.1.4 universal GKM generated from generalized Cartan 

matrix C 

V{L) 1.3 the vertex algebra of the lattice L 

{Vk, *) 2.1 Vfc is the typical generator of ro(A^), 

* stands for the unspecified branch of j (see {A,j)) 

W 1.5 the Weyl group of the twisted algebra 

Z the integers 

Zjv 4.1 the finite field Z/A^Z 

r 2.1 the modular group 

To (AT) 2.1 subgroup of r 

A 5.3 arbitrary Dynkin diagram 

A(iJ) 5.2 Dynkin diagram associated to hole H 

5,5"^ 5.2 unique norm vector of affine Lie algebra 

77 2.2 the Dedekind eta- function 

0, Qr 4.4 modular forms, right hand side of eqn. (1.25) 

6 3.1 the theta-function of a lattice 
A 1.4 the Leech lattice 

/\ 1.2 the wedge product 

A16 4.0 the Barnes- Wall lattice 

(A, m,n) 1.4 typical element of 1/25,1 

u 5.3 the isomorphism between Cartan subalgebra and its dual 

i^L^T^K' 4.1 projections to the span of the relevant lattice 

7ri,7r2 4.3 ttx, = tti o 772 

p,p^ 1.1.3, 5.2 the Weyl vector of a Lie algebra 

pM-ipM 4.2 number of representations as sum of squares 

C7 1.5 automorphism of the Leech lattice, of prime order 

C7 1.6 automorphism of the Leech lattice, cycle shape 1^ N'^ 

<l>ay 1.7 =ETr(a,K)'7" 

^/ij 2.2 modular form, = vi^-^ + j) 

[■] space spanned by any basis 

(■, ) 1.1.3 bilinear form 



